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ABSTRACT

MEAUREMENT OF THE LOW ENERGY ®B SOLAR NEUTRINO FLUX AT SNO+ USING A
DATA DRIVEN BACKGROUNDS MODEL

Samuel Naugle

Joshua R. Klein

This dissertation presents results measuring the 8B solar neutrino rate in two separate energy
regions, a low energy region (LER) and a high energy region (HER). The low energy region spans
from 2.4 to 3.25 MeV and the high energy region ranges from 3.25 to 7.0 MeV. The LER probes

populations of 8B solar neutrinos not previously measured.

Likelihood fits using an empirical backgrounds model are used to measure the rates in each of
the regions defined above. The fits are done to a 237.4 day dataset taken during the SNO-+
basic scintillator phase. The rates are converted to v, survival probabilities using the 8B flux
calculated by the standard solar model (B16-GS98). The survival probability of the LER is
P..(E, = 7.11 MeV) = 0.6710:25 and for the HER we measure Pe.(E, = 8.16 MéV) = 0.307507.
The expected values in each region calculated using the MSW-LMA solution are 0.36 and 0.35 in
the LER and HER, respectively. Large uncertainties are present in the LER due to low statistics,
but there is a slight 1.40 tension between the result and the MSW prediction. We observe good

agreement between the MSW solution and the survival probability in the HER.

Additionally, we make predictions of the sensitivities of the SNO+ detector to the Ov3/3 process
during the Te-phase. The predicted half life limits are 1.7 x 1026 yrs for 3 years of livetime at 0.5%,
and 4.3 x 10?6 yrs for 5 years of livetime at 1.5% loading. The resulting mgg limits are 35 - 164
meV for the 0.5% dataset, and 20 - 95 meV for the 1.5% dataset. At 1.5% loading SNO+ can set

a world leading result in under 5 years of livetime.
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CHAPTER 1

Introduction

This dissertation contains work mostly related to the development of a backgrounds model for
the SNO+ detector. Typically the development of a backgrounds model is straightforward and
quick, but due to some peculiarities of this analysis and experiment, we will see that developing
such a backgrounds model is indeed a challenging problem. Once equipped with the backgrounds
model though, we will make a measurement of solar neutrinos using the SNO+ detector, specifically
attempting to probe a region of the 8B solar neutrino spectrum that no detector has directly probed

to date.

Chapter 2 will begin with a discussion of neutrino physics, focused on the solar neutrino problem
and its resolution. The chapter will also attempt to provide some context on the current status of

neutrino experiments, again focused on solar neutrinos and neutrinoless double beta decay (0v30).

Chapter 3 provides an overview of the design of neutrino detectors in general, and also the design
of the SNO+ experiment. We will discuss both the mechanical design of the detector itself, and the
design of the electronics used to read out the data collected by the detector. Following that, the
phases of the SNO+ experiment will be discussed This includes the basic scintillator phase which

is the phase during which the dataset used in this analysis was taken.

Chapter 4 will then cover how we simulate and reconstruct events within the SNO+ detector.
Simulation and reconstruction will play crucial roles in the work presented here since they are

heavily relied upon to construct and interpret the backgrounds models of the SNO+ experiment.

Chapters 5 and 6 will discuss the expected backgrounds in the basic scintillator phase dataset,
as well as how we can remove these backgrounds through event level cuts and coincidence tags.
We will find that our assumptions regarding the content of the backgrounds model are not correct,
which can be clearly seen in preliminary fits to the basic scintillator phase dataset. Some additional

features must be added to the backgrounds model to fully explain what is seen in the data. Chapter



6 will build up the required machinery to generate a “empirical generic backgrounds model”, which

will model the backgrounds in the SNO+ experiment much more effectively.

Chapter 7 will then use the analysis techniques developed in Chapter 6 to make a measurement of
the ®B solar neutrino spectrum all the way down to energies of 2.4 MeV, probing regions of the *B

neutrino spectrum that have not been measured before.

Chapter 8 will then cover the expected sensitivities of SNO+ to neutrinoless double beta decay,
the main physics goal of the SNO+ experiment. Since SNO+ is nearing the Te phase, it is helpful
to re-evaluate the detector sensitivities using optics and backgrounds models that are based on the

current detector status.



CHAPTER 2

Neutrino Physics, What We Know and How We Know It

2.1. First detection

The history of the neutrino begins with one of the most famous physicists of the 20th century,
Wolfgang Pauli. Pauli hypothesized the existence of the neutrino in 1930 to solve a few mysteries
surrounding the process of beta decay, namely to recover energy, momentum, and angular momen-
tum conservation [1]. At the time of Pauli’s speculation regarding the existence of the neutrino,
there was no hope of detecting the neutrino given that it must be neutral and (according to Pauli)

have mass on a similar scale to the electron.

Following Pauli’s proposal, Fermi included the neutrino in his theory of beta decay in which a
neutron could decay into a collection of three particles, a proton, neutrino, and an electron [2].
We now know that this is an effective theory of the full theory of weak interactions, which will be
discussed shortly. The beta decay process discussed above can also happen in reverse, where an
anti-neutrino interacts with a proton to create a neutron and a positron. Even in the middle of the
20th century there was some hope of detecting this signal since the positron and neutron create

coincidence signals which could be measured using equipment available at the time.

The first experiment to detect the neutrino used this inverse beta decay process. This experiment,
now known as the Cowan-Reines experiment after Clyde Cowan and Frank Reines, searched for the
coincidence signal of the positron and the neutron. The positron annihilation will create two y-rays
totaling to 1 MeV of energy, and the capture of the emitted neutron, which will occur hundreds
of microseconds after the positron annihilation, will create another y-ray in short coincidence with
the prompt positron annihilation. A large flux of Us was needed to produce any noticeable signal
in the detector since the expected cross-section was on the order of 10742 barns. A source that
can provide this large flux of anti-neutrinos are fission reactors, as the nuclear processes inside the
reactor emits a very large flux of anti-neutrinos. Thus the Cowan-Reines experiment was conducted

next to the Savannah River Plant, a nuclear reactor in South Carolina.



The experiment did indeed observe this signal and, furthermore, noticed this signal stopped when
the reactor was shut down, constituting the first direct detection of the neutrino [3]. Frank Reines
was later awarded the Nobel Prize for this discovery in 1995 [4]. Interestingly, this technique of
using the coincidence between the prompt positron and the delayed neutron capture to detect v is

still in use today.
2.2. Solar neutrinos and the solar neutrino problem

In addition to the creation of anti-neutrinos from nuclear processes in nuclear reactors, nuclear
processes in the core of the Sun also create neutrinos. The search for these neutrinos created
within the Sun, which we will call solar neutrinos, began with the Homestake experiment, which

began taking data in 1967. The Homestake experiment was led by Ray Davis, and used the reaction

STC1+ ve — 3TAr 4 e~ (2.1)

to measure high energy solar neutrinos by counting the number of Argon nuclei created in a vat of
CsCly, a commonly used cleaning detergent. The first results from the experiment resulted in far
fewer neutrinos being detected than expected based on calculations done by John Bahcall [5, 6]. As
the Homestake experiment took more data and Bahcall refined his calculations (which eventually
became known as the Standard Solar Model (SSM)), the tension persisted with the measured flux
of the solar neutrinos being about 1/3 of what was expected [7]. This tension grew into what is

called the solar neutrino problem.

The high energy solar neutrinos detected in the Homestake experiment are produced primarily
through the -decay of 8B
B = 8Be+et +u, (2.2)

but there are other reactions in the Sun that can produce solar neutrinos. The interaction that
creates the highest flux of solar neutrinos is the proton-proton fusion process, the spectrum of which

is labeled as “pp” in Fig. 2.1.
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Figure 2.1: The fluxes of neutrinos from the various neutrino emitting processes in the Sun. Taken
from [§]

Since the pp neutrinos are of a much higher flux than the ®B solar neutrinos, they provided an
excellent opportunity to either resolve or reinforce the solar neutrino problem. But given the low
energy of the pp neutrinos, one cannot use the same approach as used in Eq. (2.1) since the energy
threshold for such a decay is larger than the endpoint of the pp spectrum. Instead new experiments

were designed to use a similar reaction on Gallium

NGa+ v, — "Ge+e™ (2.3)

where the number of Germanium nuclei can be counted to measure the flux of pp neutrinos. This
was done by multiple experiments in the 90s and early 2000s including GALLEX/GNO [9] and

SAGE [10] but they measured a rate that was 50% of the prediction.

In addition to the measurements above, the Kamiokande-II detector also made a measurement of
the ®B neutrino flux using a new detection technique based upon the collection of photons called

Cherekov radiation. Charged particles traveling faster than the speed of light in a medium (like



water) will generate bursts of light and the photons created in this process are called Cherenkov
radiation. Particle physicists, equipped with the their ingenuity, realized that this process could be

used to detect the scatter of electrons by neutrinos, i.e. the process

Vete —vete . (2.4)

For ®B solar neutrinos with MeVs of energy, the scattered electrons will move faster than the speed

of light in water, leading to detectable bursts of light.

This new detector technology is a paradigm shift in neutrino detection for a few reasons. For one
it allowed for realtime measurements of solar neutrinos interactions (since one did not need to stop
taking data to acquire results like was done with the Homestake detector). Additionally, Cherenkov
radiation is correlated with the direction of the moving particle. For for electrons scattered by
neutrinos, the electron direction is correlated with the neutrino direction, which means that water
Cherenkov detectors can also measure the direction in which the neutrino was traveling. This is
especially useful for detecting solar neutrinos since the neutrinos should all be moving away from

the Sun.

By the time Kamiokande-II began taking data, it was also believed that neutrinos come in three
generations (or “flavors”) paired with their respective charged leptons, ve, v, and v,. The neutrino-
electron scattering process to which the Kamiokande detector was sensitive can be caused by all
three neutrino species, in contrast with the earlier detection techniques which were only sensitive
to electron neutrinos. The Kamiokande detector did measure neutrinos that seemed to originate
from the Sun based on the inferred directions of the neutrinos (see Fig. 2.2), but they measured a

flux that was about 50% lower than expected.

At this point the solar neutrino problem had persisted for nearly 4 decades, and two main hy-
potheses had emerged during this time. One was that the true temperature at the core of the
Sun was different than the theoretical predictions (which could explain the deficit of detected solar

neutrinos), or that the neutrinos were transforming from one type to another (i.e. v — v,,) along
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Figure 2.2: The angle between the direction of events in the Kamiokande-1I detector and the
direction to the Sun. The dashed line represent the expected signal based on the SSM, and the
dashed histogram represents the fitted flux from the signal. From [11].

their journey from the core of the Sun to the Earth. The latter hypothesis is referred to as neutrino

oscillations.

The resolution of the solar neutrino problem eventually came from the results of the Sudbury Neu-
trino Observatory (SNO) [12]. The approach taken by the SNO detector was specifically designed
to directly test the theory of neutrino oscillations. To this end, the SNO detector used a heavy
water target which was not only sensitive to the neutrino-electron scattering process seen in the
Kamiokande detector, but the presence of deuterons allowed for additional interaction channels.

The allowed interaction channels for SNO were:

ve+’H e +p+p
ve +HH = v, +p+n (2.5)

Up+€ — vy +e

where the v, in the last two equations means that any neutrino flavor can participate. The second

interaction channel is equally sensitive to all flavors and the third interaction channel is roughly 6x
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w/T

more likely to occur for v, relative to v, and v;. By comparing the rates in the three interaction
channels, the SNO detector is able to directly determine if the missing 1, solar neutrinos are

oscillating into v/, neutrinos.

w/T

SNO took data in three separate phases, with each additional phase improving the sensitivity
to the second channel. The final results from SNO showed a total neutrino flux of (5.25 +
0.16(stat.) 013 (syst.)) x 10%cm~2s7!, which in agreement with the calculations of Bahcall and
others (fluxes are shown in Fig. 2.3) [13]. This is now seen as the resolution of the solar neutrino

problem. Following SNO’s resolution of the solar neutrino problem, Ray Davis was awarded a half

of the Nobel Prize in 2002 for the first detection of solar neutrinos.

A key confirmation of neutrino oscillations came from the successor to the Kamiokande experiment,
Super Kamiokande or Super-K [15], which measured the oscillations of atmospheric neutrinos by
comparing the downward and upward flux of electron neutrino and muon neutrino interactions.
We could write an equally long discussion of Super-Kamiokande’s measurement, but oscillations

of atmospheric neutrinos are not as relevant to this dissertation. Arthur McDonald and Takaaki



Kajita were co-awarded the Nobel Prize in Physics in 2015 as spokespersons of SNO and Super-
Kamiokande respectively, for the resolution of the solar neutrino problem and confirmation of

neutrino oscillations [16].

While the solar neutrino problem is now considered to be solved, there still some specifics regarding
the exact way in which the oscillations occur that are not well understood experimentally. A deeper
understanding of how solar neutrinos oscillate as they move through the Sun could potentially
provide evidence for new physics. Before we can discuss these details though, we must dive into

the underlying theory used to describe neutrino oscillations.
2.3. Theoretical descriptions of neutrinos

Let us recall qualitatively what we know based on the measurements discussed in the previous
section. Clearly, neutrinos are able to oscillate from one flavor to another as they propagate. But
perhaps a subtle point is that the oscillations all seem to depend on the energy of the neutrinos as
well, since the reduction in flux for the pp solar neutrinos was different than the reduction in flux
for the ®B solar neutrinos. Furthermore, we see oscillations over very different distances, one on
the scale of the solar system (the Sun to the Earth), and the other on the scale of the Earth itself
(atmospheric neutrinos). Clearly an interesting theoretical puzzle is afoot, and thankfully theorists

have figured out the details for us.
2.3.1. Neutrinos in the Standard Model

First we will benefit from understanding the quantum field theoretic description of neutrinos and
their interactions through the weak force. This chapter follows the section on neutrino mass and
mixing from [14], with the relevant pieces for this work included here. We will start with the
Standard Model (SM), considering only the charge current (CC) and neutral current (NC) processes

in which the neutrino participates

—Lcc = \% Z eyt ey W/I + h.c.
¢ (2.6)

g - 0
iy :72 “ Z;.
NC =500 e VreY Ve 4y,



g is the coupling constant associated with the weak interactions, and 6y is the Weinberg angle. The
L subscripts in Eq. (2.6) signify that only left handed (or right handed anti-) particles participate in
the weak interactions and the [ subscript runs over the lepton generations. The force carriers of the
weak force are the W+ bosons and the Z boson, which are the fields W, and Zg. The left handed
charged leptons and neutrinos come in pairs of lepton doublets, Ly, = (v,1) for | € (e, u, 7), which

encodes the neutrino and lepton flavors that are “paired” to one another through CC interactions.

The resulting Feynman diagrams that can be drawn are:

0~ Ve Vg Vg

Figure 2.4: Left: Charged-current vertex. Right: Neutral-current vertex.

One can see that at charged current vertices the neutrino is transformed into its partner based on
the weak doublet. At this point we can already understand the different interaction channels in

SNO based on the allowed interactions in the standard model.

The first channel in Eq. (2.5) is a charged current interaction since a neutron is transformed into
a proton, which requires the exchange of a charged W boson. Only the electron neutrino can
participate in this interaction since the neutrinos are not high energy enough to produce a muon
or a tau. The second listed interaction is mediated only through the neutral current since there
is no exchange of charge or change of particle flavor between the initial and final states. The last
channel is the most interesting — it can occur through both a NC process where the neutrino and
electron exchange a Z boson or as a CC interaction where the incoming electron neutrino converts
to an electron and emits a W~ which then converts another electron into an electron neutrino.
Since Feynman diagrams interfere with one another, this results in a non-trivial change to the

cross section of electron-neutrino elastic scattering for electron neutrinos relative to muon and tau

10



neutrinos. This is why the electron neutrinos participate in the this channel at 6x the rate of the

other two flavors of neutrinos.

While not particularly useful at this moment, it is worth pointing out that in the SM masses for
the charged leptons are generated by a Yukawa coupling of the scalar Higgs doublet with the right
and left handed components of the charged fermions. Since only left handed particles interact
through the weak force and neutrinos only interact through the weak force (ignoring gravity since
we are talking about the SM), the SM only includes left handed (right handed anti-) neutrinos.
This means that no Yukawa coupling terms of the same form can be written for the SM neutrinos,

so neutrinos are massless in the Standard Model.

This presents an issue though, as the accepted description of neutrino oscillations requires massive

neutrinos. So the Standard Model must be extended to include massive neutrinos.
2.3.2. Massive neutrinos

As was just discussed, adding massive neutrinos into the standard model requires the inclusion
of some right handed neutrino fields. Since right handed particles do not participate in the weak
interaction, these right handed neutrinos would not interact with any other particles, which is why

they are called sterile neutrinos. Potential mass terms one can use to extend the SM are
_ 1 e
—Ln, = Mpij Usivrj + iMNij Usi Vg + h.c. (2.7)

which defines two distinct methods for generating the neutrino mass, with the inclusion of m sterile
neutrinos where the vgs are the sterile neutrino fields. v¢ is the charge conjugated field. Mp is a

m X 3 complex matrix and My is a symmetric m X m matrix.

The first term is called a Dirac mass term, which can be generated from electroweak symmetry
breaking in the same was as the other leptons, i.e. through a Yukawa interaction with the Higgs
field. If we assume there are 3 sterile neutrinos, we can identify each sterile neutrino combined with
an active neutrino field vy, as a full four-spinor neutrino field, analogous to the four-spinor fields

for the charged leptons. Rewriting the neutrino mass Lagrangian in terms of the eigenstates of the

11



mass Dirac mass term we have

3
—L, = Mk Ppk VD, (2.8)
k=1
bk = (V"T ﬁL)k + (v;;* 175>k. (2.9)

Adding neutrino masses in this way to the SM has some downsides. For one, the addition of the
right handed neutrino fields is an ad hoc addition to allow for us to write down a Dirac mass
term which has no experimental motivation. Secondly, the masses of the neutrinos are orders of
magnitude lighter than the next lightest lepton. A Dirac mass term does not explain why the
neutrinos are so light, since the Yukawa coupling must be tuned to be very small to give neutrinos
such small masses. A more elegant way to include mass into the SM is through the Majorana mass

term.

The second term in Eq. (2.7) is the Majorana mass term. It turns out that one can rewrite Eq. (2.7)

. . . . o MT . .
in terms of the mass eigenstates of the matrix M, = ( Mp Mf; ) resulting in
1 3+m
—Ly, = 5 kzl MEVMEVME (2.10)

where each vy = Vs k +Vigss k- Vmass,k 1S the eigenstate of M, with eigenvalue my. We can see
that by definition vy, = 1§, which means these states obey the Majorana condition [17], named
after Ettore Majorana. A consequence of the allowing for a Majorana mass term is that it allows

for lepton number violating processes to occur. We can think of setting the entries of My to zero

as requiring that lepton number be conserved.

If the mass eigenvalues of My are much higher than the scale of electroweak symmetry breaking,
the diagonalization of M, will provide three light neutrinos and m heavy neutrinos. The light
neutrino masses are are proportional to M ](,1 and the heavy neutrino masses are proportional to
My, which can provide an explanation of why the masses of the active neutrinos are so light. The

mechanism described above tells us that if neutrinos are Majorana particles, the heavy right handed

12



sterile neutrinos essentially force the active left handed neutrinos to have very small masses. This
is called the see-saw mechanism. Both SO(10) Grand Unified Theories and left-right symmetric
models are well known examples which involve see-saw mechanisms for the mass generation of the

neutrinos [18, 19].

Now that we know we can extend the standard model to generate massive neutrinos, we can discuss

neutrino oscillations.
2.3.3. Neutrino oscillations in vacuum

Neutrino oscillations can be understood as a quantum mechanical phenomenon. If we consider
what was shown previously in our discussion on neutrino masses, we can see that in general the
mass basis eigenstates and the interaction basis (or flavor basis) eigenstates are related through a

unitary transformation

Va) Z ). (2.11)

where 4 runs over the number of mass states, which for our purposes can always be assumed to be
3. If we are interested in the probability of measuring the flavor of the neutrino after some time t

during which it is propagating freely, we need to calculate

Pop = [(va|va(t) ZZ i U (vjlvi(t))| - (2.12)

i=1 j=1

Treating the neutrinos as a plane wave and assuming we are in the relativistic regime (E ~ p+ 5£),
we know the neutrino state evolves like e ~*#i|1;(0)). Equipped with this fact and the fact that the

mass eigenstates are orthogonal, we arrive at

. Am2. L
Pog = bap —4 Y Re[Us; Up; Unj Uj;] sin® ( Z_g )

i>j

" Am2.L
+2)  Im[Ug; Usi U Uy sin (2 = ) ’
1>]

(2.13)
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with Amfj = m; —mj and L is the distance traveled by the neutrino, which is & ¢f. The transfor-

mation U}, is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [20].

The PMNS matrix for 3 massive neutrino states can take two different forms depending on whether
the neutrinos are Dirac or Majorana. If they are Majorana the PMNS matrix must also contain

Majorana phases and takes the following form:

I 0 0 €13 0 size tcr ci2 s12 0\ [e™ 0 0
U=1o0 C23 523 0 1 0 —s12 c1a O 0 e 0 (2~14)
0 —s93 co3 —Slgeiécp 0 C13 0 0 1 0 0 1

with ¢;; = cos(6;;) and s;; = sin(6;;). For the angles 6;; € [0,7/2] and the CP violating and
Majorana phases dcp,n; € [0,27]. In the case of Dirac neutrinos, the Majorana phases carry no

physical significance, allowing for the PMNS matrix to be written as

c12 €13 512 €13 s13 e ocP

U= | —s12co3 — c12513 523 €9CP 19 o3 — S12 513 Sa3 €/90F €13 523 (2.15)

S12 523 — C12 513 Ca3 €°CP  —C13 893 — S12 813 €23 €°CP ci3co3

Returning to Eq. (2.13), we can see that the wavelength of neutrino oscillations are governed by
the ratio of L and F and the PMNS matrix encodes the overall mixing between any two neutrino
states. This means that different neutrino sources at different baselines are sensitive to different
parameters of the PMNS matrix, which is summarized in Sec. 2.3.3 (recreated from Thl. 14.6 of

[14]).

14



Experiment Dominant Important

Solar Experiments 012 Am3y, 013
Reactor LBL (KamLAND) Am3, 012, 613
Reactor MBL (Daya-Bay, Reno, D-Chooz) | 013, |Am3; 55|

Atmospheric Experiments (IC-DC,SK) 023, |AM3, 30, sign(Am3; 55) | 613, dcp

Accel LBL v, v, Disapp.
(T2K, NOvA, MINOS, K2K)

Accel LBL v, 7. App. ]
(T2K, NOueA,eMINOS) dcp, O23, sign(Am, 39)

’Am§1,32’v 023

13

We can see in the table that solar neutrino experiments are only sensitive to one mass splitting and
013 is small relative to 615 — this allows us to model solar neutrino oscillations in the two neutrino

regime where there is only one Am? = Am3; and mixing angle § = 6;2:

2
Pop = s — (2045 — 1) sin® (26) sin (2 AZ;) (2.16)

with @ usually called the solar mixing angle. The current best fit values for the solar oscillation

parameters are 15 = 33.687973 and Am3, = 7.497010 x 1075V [21].

Something worth briefly mentioning is that in this two neutrino oscillation limit, one can see that we
are not sensitive to the sign of the mass splitting, Am?. It turns out that if one considers oscillations
in the presence of matter the sign of the mass splitting becomes physically consequential, which is
something we will see shortly. This is why future baseline experiments like DUNE [22] and Hyper-K

[23] use beams which travel through large sections of Earth’s crust.
2.3.4. Neutrino oscillations in matter

We can think of neutrino oscillations in matter as a perturbation to the free neutrino Hamiltonian
used in the previous section. Skipping the details on calculation, intuitively we can see that only
electron neutrinos will pick up a change in their potential energy due to CC interactions since there

are no muons or taus in normal matter. The contribution to the potential energy is

Voo = V2Gpn. (2.17)
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where Gg is Fermi’s constant and n. is the electron density in the material. We can also use a
similar line of reasoning to argue that there is no observable effect on the oscillations produced by
the NC interactions in matter since they will affect each neutrino flavor in the same way. This
means that the change in Hamiltonian for the neutrinos by the NC interaction only contributes a
global phase to the neutrino oscillations, something to which we are not sensitive. The interaction
Hamiltonian will have the form V = diag(V,(z),0,0) with V.(2) = v/2G pne(x) where n.(z) is still

the electron density, we are just now allowing it to vary throughout the material.

Neutrinos interact in the flavor basis, but propagate in the mass basis which means we must use
something equivalent the PMNS matrix to understand how matter affects neutrino propagation.
For example, if we consider specifically solar neutrinos the two relevant neutrino states are v, and
v,/r (since only electron neutrinos experience a different potential) with two mass eigenstates v
and vo. We can relate the instantaneous mass eigenstates v/ and v4 of the Hamiltonian including

the matter effects to the flavor basis using
Vo = Uni(2)V] (2.18)

where U is new 2x2 mixing matrix. The mixing angle of this new 2x2 mixing matrix is given by

Am? sin(20)

tan(26im) = Am? cos(20) — 2EV,

(2.19)

We can now see why matter effects can help one resolve the sign of the mass splitting, since 6,, is

not invariant under the transformation Am?2 — —Am2.

There is also resonance condition when 2EV, = Am? cos(26), meaning the effective mixing between
the two instantaneous mass eigenstates becomes maximal (i.e. 45°). Furthermore, if 2EV, >>
cos(20) then the mixing matrix is such that the relationship between mass states and flavor states in
vacuum is essentially swapped. Specifically, since v, are mostly v; in vacuum, then in dense enough
matter the v, asymptotically approaches being entirely in the v/, instantaneous mass eigenstate

since 6,, becomes 7/2. This effect where matter can greatly affect the propagation of neutrinos
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is often referred to as the Mikheyev-Smirnov-Wolfenstein (MSW) effect and it plays a key role in

understanding solar neutrino oscillations [24, 25].
2.3.5. MSW effect for solar neutrinos

The density of the Sun decreases from the core to the surface, meaning we can think of n.(R) for
the Sun as a monotonically decreasing function. If we recall the resonance condition on Eq. (2.19),
we can think of three different scenarios given the potential experienced by the neutrinos produced
in the core of the sun, Ay = 2EGpn.o where n.g = n.(R = 0). It’s also helpful to define the

potential at some distance R from the center of the Sun, Agr = 2EGpn.(R).

The first scenario is if Ay is much less than the resonance condition Ar = Am?cos 26, which
means that the neutrinos will never experience a potential that satisfies the resonance condition
on their journey through the Sun. In this case, the propagation is approximately the same as that
experienced in vacuum, so the survival probability of the solar electron neutrinos at the surface of
the Earth is
1.5 1
P.e=1— —sin“20 > —. (2.20)
2 2
The next scenario is when Ag is much larger than the resonance condition, which in turn means
that the resonance condition Ar will be met as the neutrinos travel to the surface of the Sun.
Considering Eq. (2.19) , we can also see that in this scenario the v.s at the moment of their

creation will be almost entirely created in the v/} state as 6y, at the production point will be nearly

/2.

Another key feature of the MSW effect for solar neutrinos is that the resulting predictions depend
on whether or not the evolution of the instantaneous mass eigenstates are adiabatic or non-adiabatic
from the core to the surface of the Sun. The parameters that define solar neutrino oscillations are
such that this process is adiabatic for all ranges of solar neutrino energies, but it is still interesting
to consider why we need the process to be adiabatic. Let’s assume the maximally non-adiabatic
scenario, where the neutrinos are created in the v, mass eigenstate in the core of the Sun and then

the potential immediately turns off such that the neutrinos will now propagate as vacuum mass
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eigenstates. In this scenario, the v/, and the v, states are never mapped onto one another, meaning
that the probability of a neutrino in the v/, state exiting the Sun to be in the vy state is some

probability less than 1.

On the other hand, when the process is adiabatic, the instantaneous mass eigenstates are contin-
uously “rotated” onto the vacuum mass eigenstates as the matter potential changes through the
interior of the Sun. By the time the neutrinos are propagating according to the vacuum Hamilto-
nian, the 14, and vy states will be essentially identical, and the probability for the neutrinos to be
in the 15 mass eigenstate is 1. This means the adiabatic case is much more effective at converting

neutrinos created as v.s into the vy eigenstate.

Loosely speaking, this is analogous to photons passing through polarizers. If all the photons are
polarized in one direction and we pass them through a polarizer at 45° relative to the initial
polarization, the survival fraction will be only 1/2. But if we use an infinite number of polarizers

all infinitesimally rotated relative to the previous, we can make the transition probability essentially

1.

In the case where Ayp >> Ag and the neutrino evolution is adiabatic the survival probability is
1 .92
P. = 5[1 + c08 20, o cos 26] = sin“ 0 (2.21)

which allows for P to be much smaller than 1/2.

The last scenario is essentially in between these two scenarios, where the neutrinos are not always
created in the /) instantaneous mass eigenstate, which means that P, will end up being somewhere

in between the other two limiting scenarios.

This now fully explains the results discussed in Sec. 2.2. The detectors that measured only the
ve component of the higher energy ®B solar neutrinos all measured fluxes roughly 1/3 of what
was expected relative to the standard solar model (SSM). Experiments, like Kamiokande, which

measured elastic scatters of the 8B solar neutrinos were still sensitive to the other neutrino flavors,
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but less so than the electron neutrinos, making them measure values slightly higher than 1/3.
Experiments measuring the lower energy pp neutrinos measured fluxes closer to 1/2 the expectation,
since the low energy neutrinos do not experience the matter effects. A large solar mixing angle
012 alongside the MSW effect perfectly explains these results. This is the full solution to the solar
neutrino problem, typically called the MSW effect with a large solar neutrino mixing angle, or the

MSW-LMA solution.

A plot illustrating the different regimes discussed here can be seen in Fig. 2.5.
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Figure 2.5: This caption is taken directly from the reference [14], Figure 14.3. “Electron neutrino
survival probability as a function of neutrino energy. The points represent, from left to right,
the Borexino pp, 7Be, pep, and 8B data (red points) and the SNO+SK 8B data (black point).
The three Borexino 8B data points correspond, from left to right, to the low- energy (LE) range,
LE+HE range, and the high-energy (HE) range. The electron neutrino survival probabilities from
experimental points are determined using a high metallicity SSM from [26]. The error bars represent
the 10 experimental + theoretical uncertainties. The curve corresponds to the 1o prediction
of the MSW-LMA solution using the parameter values given in [27]. This figure is provided by A.
Tanni.”

This work aims to make a measurement of the MSW transition region (roughly speaking for neutrino
energies between 2 and 8 MeV), ideally making a lower energy 8B solar neutrino measurement than

Borexino.
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MSW transition region and sensitivities to new physics

Measuring this “MSW transition region” is important in and of itself as a confirmation of the MSW
effect in solar neutrino oscillations. While the general consensus in the neutrino physics community
is that the MSW-LMA solution is the entire story of neutrino oscillations, the MSW transition
region has not been measured with the required resolution to definitively show that is the case. We
have only made accurate measurements of the vacuum dominated and matter dominated oscillation

regimes, which are the two edges of the x-axis in Fig. 2.5.

Aside from confirming the MSW-LMA solution, a measurement of the electron neutrino survival
probability for an average neutrino energy of ~7 MeV also provides limits on models that predict
different shapes for the MSW transition region. This MSW transition region can be very sensitive
to any models that couple to the active neutrinos since they will necessarily change the Hamiltonian
of the neutrino, slightly shifting around the details of the resonance condition implied by Eq. (2.19).
Following [28], we will discuss some generic models which do predict changes to the MSW transition

region.

First we will discuss a generic way of including non-standard contributions to the neutrino La-
grangian. It is suggested in [29] that these non-standard contributions can be included as low
energy four fermion operator. The inclusion of this operator transforms the two neutrino Hamilto-

nian for solar neutrino oscillations (in the flavor basis) into

COS 013 €1
+V2G pne : (2.22)
sin 2912 COS 2912 €1 €9

B Am%1 —cos 2019 sin 2619

" 4F

The effects of varying €; and €2 can be seen in 2.6.
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Figure 2.6: The MSW transition region for some range of NSI parameters ¢; and e3. Taken from
[28]

More specific models are discussed in [28], including mass varying neutrinos, which are theorized
to try and resolve the coincidence that the energy density of dark energy and matter are similar in

the present day universe, and the inclusion of long range leptonic forces into the Standard Model.
2.3.6. Neutrinoless double beta decay

As was discussed in Sec. 2.3.2, there is an ambiguity regarding how one can add massive neutrinos
into the standard model depending on if neutrinos are Dirac or Majorana fermions. In the case
where neutrinos are Majorana fermions, they are then by definition their own antiparticles. This
allows for lepton number violating process like neutrinoless double beta decay (0v3f3) to occur,

where a double beta decay occurs and emits no neutrinos:

(A, Z) - (A, Z+2)+e +e (2.23)

Observation of this Ov33 process would definitely prove that the neutrinos are indeed Majorana

fermions, and that the small masses of the active neutrinos might be due to something like the
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p

Figure 2.7: OvBp Feynman diagram.

see-saw effect discussed previously. A Feynam diagram of the Ov33 process can be seen in Fig. 2.7

Neutrino experiments measure the half life of the Ov33 decay for a given nucleus. We can relate

the half life to more fundamental physics quantities using

2
_ m
Ty = Gou | Moy | < m”) (2.24)

e

where G, is the phase space integral taking into account the final atomic state, My, is the nuclear
matrix element corresponding to the transition, m. is the electron mass, and mgg is called the

Magjorana mass of the electron neutrino.

The fundamentally interesting quantity in neutrinoless double beta decay from a neutrino physics
perspective is the Majorana mass, since the other terms in Eq. (2.24) depend on the nuclear
properties of the nucleus being observed. The Majorana mass is understood in terms of the PMNS
matrix (specifically the Majorana PMNS matrix): mgg = ‘ZZ miUfi‘. Experiments will typically
use 2.24 to convert from half life limits to mgg values. It is also worth mentioning that there is
much complexity involved in calculating the matrix elements used to do this conversion leading to
wide ranges in the estimates of their values. Thus Ovf3f experiments will typically quote a range

of limits on mgg while specifying the range of matrix elements used in the conversion.
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Another important aspect of the direct detection of neutrinoless double beta decay is that it would

provide the first direct evidence of a lepton number violating process.
2.4. Neutrino experiments

Now that we have discussed the history of neutrino observations and how that has informed our
theoretical description of neutrinos, it is important to discuss the current experimental landscape
of neutrino physics. This work is only concerned with solar neutrinos and neutrinoless double beta

decay, so we will focus our discussion on experiments sensitive to those signals.
2.4.1. Solar neutrinos

In the present day, solar neutrino experiments typically follow a similar approach to SNO; a large
vat of liquid surrounded by PMTs that will glow when solar neutrinos interact with particles inside
the detector. While heavy water has not been deployed again since the de-comissioning of the SNO
detector, success has been found both in standard water-Cherenkov detectors and scintillation

detectors.
Super-K

On the water-Cherenkov detector end, Super-K has made measurements of the ®B solar neutrino
flux using elastic scatters. Of course, as was discussed in 2.2, since Super-K uses water rather
than heavy water as its target it has no way to differentiate between electron neutrinos and other
neutrino flavors. SNO still remains the best model independent solar neutrino flux measurement,
but Super-K has a more accurate measurement of the flux derived just from the elastic scattering
signal, which is ®gx = (2.336 4 0.011(stat.) + 0.043(syst.)) x 10%cm~2s~! which assumes pure
electron neutrino flavor component, without neutrino oscillation [30]. Super-K’s measurements of

the ®B flux over their different phases can be seen in Fig. 2.8.

Super-K has also looked for another matter induced effect on solar neutrinos, called the day-night
asymmetry, which results in the regeneration of electron neutrinos as solar neutrinos pass through
the Earth at night. This would be measured as an increase in the solar neutrino flux measured

by Super-K during the night relative to during the day. So far, Super-K has not seen a significant
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Figure 2.8: From [30]. Shows the 8B flux across the different SK phases. The gray band shows the
combined value. Note that the DATA/MC is higher than the P, since they assume a pure v, flux,
which includes the elastic scatters from the other neutrino flavors as well.

signal of the day-night asymmetry [30].
Borexino

Borexino was a scintillator detector built to observe solar neutrinos. Borexino had very low back-
grounds and good energy resolution, allowing for it to measure the pp, pep, CNO, "Be, and of
course the ®B neutrinos[31, 32]. The relevant analysis for the work presented in this dissertation is

their 8B measurement, which is what we will discuss here.

Borexino measured the 8B flux in two distinct energy regions, high energy region 1 (HER I) and
high energy region 2 (HER II).! HER I ranged from 1650-2950 photoelectrons (p.e.) and HER. II
range from 2950-8500 p.e. The conversion from p.e. to electron energy is essentially linear up to
some arbitrary scaling (see Sec. 3.2), which for Borexino is approximately 500 p.e. per MeV. A

picture showing the two energy regions can be found in Fig. 2.9

1The other solar neutrino sources Borexino measured were all lower energy, hence the name “high energy region”.
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Figure 2.9: Left: The detection efficiency over the two different energy regions (HER I and HER II).
The detection efficiency remains 1 until the 8500 p.e. upper edge in HER II. Right: The neutrino
energies corresponding to HER I (red), HER II (blue), and the total HER (green). Both figures
from [32].

The reason for measuring the flux in two distinct regions is to try and probe the MSW transition
region by selecting a low energy sample of solar neutrino events. Even though HER 1 corre-
sponds to something like 3 MeV to 6 MeV, the corresponding neutrino energies are smeared out
by the kinematics of the elastic scattering of the electron by the incident neutrino. This effect
can be seen on the right of Fig. 2.9. The corresponding average electron energy for HER I is
8.0 MeV and for HER 1II it is 9.9 MeV. Taking the SSM flux as an input and calculating the
corresponding electron neutrino survival probability, Borexino calculated P..(® Bugg, 8.8 MeV) =
0.37 £ 0.08, P..(®Byugr.1,8.0 MeV) = 0.39 £0.09, and Pe..(®Byugr.11,9.9 MeV) = 0.35 £ 0.09.
These values are the values included in Fig. 2.5. Note that the average neutrino energies quoted
here are different than the ones in Fig. 2.5 because the values were changed between publications,
which is not reflected in the plot from the PDG. The values quoted here are the most recent, and

all future P, plots will use the new Borexino average neutrino energy values.

The measurement presented in this dissertation is functionally identical to the measurements done
by Borexino above, but we will be going down to slightly lower energies than those in Borexino’s

HER I.
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2.4.2. Neutrinoless double beta decay

Neutrinoless double beta has a diverse field of detectors and detector technologies. This is because
the experimental task at hand welcomes a diverse range of approaches each with a different strat-
egy. Each approach roughly falls somewhere on the axis of maximizing isotope vs. minimizing
background counts. Of course, every neutrinoless double beta decay experiment tries to minimize
background counts, but strategies which try to maximize isotope are willing to accept some in-
crease in the background counts as long as the increase in expected signal is enough to increase the
sensitivity of the experiment. On the end of minimizing background counts you have detectors like
CUORE [33] and Legend-200 [34], and on the end of maximizing isotope you have large scintillation
detectors like KamLAND-Zen[35] or SNO+.

This dissertation won’t give a complete overview of all Ov83 detectors, but we will mention some

of the current best results.
Kamland-Zen

The current best limit on the neutrinoless double beta decay half life comes from KamLAND-
Zen, using a liquid scintillator doped with '36Xe. KamLAND-Zen employed an approach very
similar to the planned approach of SNO+4, putting their isotope loaded scintillator in a “balloon”
surrounded by an outer scintillator region, all of which is surrounded by 1325 17-inch and 554

20-inch photomultiplier tubes (PMTs) for calorimetry.

KamLAND-Zen, and other scintillator based Ov(35 experiments, will not have the keV scale reso-
lution the approaches aimed at minimizing background counts employ. Instead, KamLAND-Zen
benefits from a large amount of isotope, which increases the exposure and therefore the number of
OvfBB events expected for a given value of T} /5, allowing it to tolerate higher background counts.

The results of the full KamLAND-Zen dataset can be found in Fig. 2.10.
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Figure 2.10: The energy spectrum of the full KamLAND-Zen dataset, after applying some back-
grounds removing cuts. Top: The singles data (SD), which is supposed to be a dataset with a
lower leakage of cosmogenic events. Bottom: The long-lived data, the remaining data aside from
the singles data. From [35].

Using their full dataset, which corresponds to an exposure of 2.1 ton yr, the KamLAND-Zen
collaboration set a limit of 7}/, > 3.8x10% yr (90% C.L) which corresponds to an mgg of (28 —
122) meV (90% C.L.).

Legend-200

As was mentioned before, the Legend-200 detector employs the background counts minimizing
strategy. This is accomplished through the use of extremely sensitive calorimeters which have
energy resolutions down to the keV scale (while scintillator detectors have energy resolutions on
the scale of 100s of keV). This is accomplished through the use of high-purity germanium (HPGe)
detectors which collect the charge created from particles moving within the detector. The Ge in the

HPGe detectors is isotopically enriched *Ge to 86%92%, which is a double beta decay isotope.
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Figure 2.11: The energy spectrum of the first LEGEND-200 dataset. From [34]. The much finer
energy resolution clearly be seen relative to Fig. 2.10.

Using 61 kg y of exposure, the half life limit set by the Legend-200 0.5x10%¢ yr (at 90% C.L.).
The corresponding dataset can be seen in Fig. 2.11. Combining this result with the results of the
MAJORANA DEMONSTRATOR [36] and GERDA [37], the limit is 1.9x10%¢ yr (at 90% C.L.),

which corresponds to an mgg limit of < 75-200 meV using nuclear matrix elements with values

2.35-6.34.
Comparisons of current and future results

A helpful way to understand the experimental landscape as a whole is to see how the half life limits
and resulting mgg values of the different experiments compare when employing the same matrix
elements in all calculations. This can be seen in Fig. 2.12. Clearly the choices of matrix element

matter significantly. The predicted limits for SNO+ will be discussed more in Ch. 8.
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Figure 2.12: The phase space scaled half-life limits of various experiments and the corresponding
mgg limits, calculated for various matrix elements. Figure is courtesy of S. Biller [38].

29



CHAPTER 3

The SNO+ Experiment

The SNO+ experiment is the successor to the Nobel prize winning Sudbury Neutrino Observatory,
featuring much of the same infrastructure along with numerous electronics upgrades. Located 2km
underground in the Vale Creighton mine, SNO+ operates as one of the deepest science experiments

in the world.

Perhaps the most frequently asked question following a description of the location of the SNO+
detector is “why!?”. This chapter will begin with an attempt to answer that question with some of
the motivations that force neutrino physicists into large underground caverns in Sec. 3.1. Following
that will be a discussion of the specifics of the SNO+ detector design in Sec. 3.2, then Sec. 3.3
contains a brief digression into liquid scintillators , and then an enumeration of the various phases
over which SNO+ will take data will be discussed in Sec. 3.4. Finally, we will discuss the custom

data acquisition system (DAQ) used by the SNO+ experiment in Sec. 3.5.
3.1. Neutrino observatories, in general

As was discussed in Ch. 2, neutrinos are exceedingly difficult to detect. This is due to the fact that
neutrinos only interact through the weak force, making their cross sections much smaller than other
interactions driven through the electromagnetic or strong forces. This means neutrino observatories

must be very large in order to detect MeV scale neutrinos at any appreciable rate.

If we take the B neutrino flux measured by Borexino in [32] for example, we can see that the
measured rate of solar neutrino interactions is ~ 0.22 counts per day per 100 tons. The error on a
rate measurement will roughly scale with the square root of the counts, so to make a measurement
with 5% error in 5 years one needs roughly 400 solar neutrino events in 5 years, which would require
a detector of at least 100 tons. In reality, experiments also have to contend with systematics in
the detector response and radiological backgrounds, so more neutrino interactions are needed to

provide the same sensitivity. This also brings us to another important consideration in neutrino
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detector design, signal contamination from radiological backgrounds.

8B solar neutrinos are the dominant solar neutrino species at MeV scale energies, consequently
neutrino observatories usually look for their interactions within detectors at energies on a similar
scale. Many natural occurring radioactive isotopes produce particles with similar energies and it is
difficult to distinguish between these radioactive decays and solar neutrino interactions in a typical
neutrino detector. Neutrino detectors must therefore minimize the presence of radioactive materials

in order to make sensitive solar neutrino rate measurements.

In addition to natural background radiation, signals from neutrino interactions can also be hidden
by interactions produced from cosmic-ray muons. Cosmic ray interactions in the upper atmosphere
produce high energy muons that are constantly raining down on the surface of the Earth, creating
another potential background in neutrino experiments. The issue with cosmic muons is two-fold.
These muons are typically much higher energies than the solar neutrinos we want to detect, meaning
interactions in detectors from muons often hide signals from interactions with neutrinos. But in
addition to this effect, muons can also create short lived isotopes through spallation reactions with
the stable materials within a detector, effectively adding to the background radiation. While air
does not effectively attenuate these cosmic muons, the rock in the Earth’s crust does, leading to

neutrino detectors built deep underground.

Depending on the goals of a given neutrino experiment, different concessions must be made bal-
ancing size, cost, cleanliness, etc. For neutrino experiments interested in making measurements
of solar neutrinos, the detector must be on the scale of 100s of tons since the rate of interactions
cannot be increased by any other means. As a consequence, solar neutrino experiments must take
great care making sure that they keep their detectors as clean, deep, and precise as possible in

order to preserve their signal integrity. This brings us to the SNO+ detector.
3.2. The SNO-+ detector

Roughly speaking, this section will describe the SNO+ detector moving from the “outside” inwards,

starting with the components surrounding the detector and ending with the bulk material within
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the acrylic vessel A more detailed account of the information in this section can be found in [39].

Figure 3.1: A rendering of the SNO+ detector.

As can be seen in Fig. 3.1, the SNO+ detector within a large cavity filled with water. Perhaps the
largest advantage of the location of SNO+ is its depth. With a depth of 2070 m, or alternatively
an overburden of 5890 meters water equivalent, the muon flux is only 0.27 muons per square meter
per day. This corresponds to a rate of only ~3 muons per hour over the entire detector. The low
muon rate means that cosmogenics are not an issue in essentially every physics analysis, and any
radioactive isotopes or neutrons produced by muons can be easily dealt with just by using a 20

second veto after events tagged as muons. The cut will again be discussed in Ch. 6.

In order to have somewhere to place the electronics and access the acrylic vessel, a large platform is
built over the detector covering the entire cavity. This platform is usually referred to as the “deck”.

In addition to the deck, there is an additional sub-room on the deck that encompasses the part
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of the acrylic vessel that pokes out above the deck. This smaller room is referred to as the “deck
clean room”, as it is there to try and provide an additional layer of shielding between the inside of

the detector and the external environment.

As mentioned before, the cavity surrounding the PMT support structure (PSUP) is typically filled
with ultra-pure water to both provide buoyant support for the PSUP and acrylic vessel (AV), and
also shield from neutrons and gammas produced in the rock surrounding the cavity. The water

level typically sits a few feet under the deck.

The PMT support structure is the spherical surface that provides the structure that holds the
9362 inward facing PMTs, as well as the 91 outward looking PMTs (OWLs) which are used to
tag through-going cosmics. Unless the OWLs are explicitly mentioned, references to the PMTs
implicitly refer to only the inward looking PMTs. The inward looking PMTs all are attached to
Winston cone style concentrators to increase the effective coverage of the detector. The PMT
support structure is not water tight, so water can freely flow between the cavity and the interior of
the support structure — which is by design as the water buffer between the PMT support structure
and the acrylic vessel will attenuate gammas produced from the PMT glass and the PSUP itself,
a potential major background in the Ovf3S phase. The faces of the inward facing PMTs are ~8.35
meters away from the center of the AV. A picture taken in the region between the PSUP and the
AV can be seen in Fig. 3.2

The AV itself has a 6 meter radius and a shell thickness of 5.5 cm. It is made of ultra violet trans-
mitting (UVT) acrylic which increases the transmission of light through the AV surface, maximizing
the number of photons that reach the PMTs. One of the major upgrades from SNO to SNO+ was
the addition of the hold-down rope net, which can be seen in the schematic as the criss-crossing
ropes that sit at the top of the spherical part of the AV. As the SNO experiment filled the AV with
heavy water, the AV needed to be supported from above as the heavy water weighed more than
the light water surrounding the AV. SNO+ on the other hand will primarily take data with the
AV filled with liquid scintillator, meaning that the AV will want to float and will require support

from the bottom since scintillator is lighter than water. The hold-down ropes apply this tension
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Figure 3.2: A picture taken from between the PSUP and the AV during the water phase. The
hexagonal shapes that can be seen through the AV are the PMTs and concentrators.

that keeps the AV in place.

The innermost piece of the SNO+ detector is the target, or the bulk material that sits within the
AV. Due to the phased approach of the SNO+ experiment, the target will change multiple times

throughout the span of the SNO+ experiment, as will be discussed more fully in Sec. 3.4.

The PMTs used in the SNO+ detector are the same Hamamatsu R1408 PMTs used in the SNO
detector. These are 8” hemispherical PMTs with a T'T'S of 1.6 ns, which is extracted from the stan-
dard deviation of a Gaussian fit [40]. A schematic of the PMT assembly including the concentrator

can be seen in Fig. 3.3.
3.2.1. Chemical processing plants

Slightly distinct from the detector itself, the SNOLAB caverns surrounding SNO+ are filled with
supporting machinery, much of which is designed to handle the loading of various substances into
and out of the AV and surrounding cavity. SNO+ uses the same water plant as SNO, but new
scintillator and tellurium processing plants were added to handle the additional materials that will
go into SNO+. The scintillator plant is currently operating and the tellurium plants are at the

final stages of commissioning.
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Figure 3.3: A schematic of the PMT and concentrator assembly in the SNO and SNO+ detectors
[12]. Dimensions are in cm.

3.3. Liquid scintillators

As has already been mentioned, the SNO+ experiment is a liquid scintillator detector in contrast
to SNO, which was a water-Cherenkov detector. Given the main physics goal of SNO+ being
the observation of Ov53, using a high light yield target is a requirement of the physics objectives
making liquid scintillator the obvious choice. Liquid scintillators are an attractive target to neutrino
physicists due to their high light yield and radio-purity, making them especially appropriate for

MeV-scale neutrino experiments.

The microscopic physics that produces light in liquid scintillators is complicated, but generally
revolves around molecules that form rings, and these rings are shaped such that the resulting
electron and vibrational energy levels on the rings are on the correct scale to produce photons in
the blue to UV part of the spectrum [41]. An example of the ring-shaped phenyl groups present in

linear alkylbenzene (LAB) can be seen in the left of Fig. 3.4.
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Figure 3.4: Left: The molecular form of LAB, which is the liquid scintillator used in the SNO+
experiment. Right: The molecular form of PPO, which is the primary fluor used in the SNO+
experiment

In addition to the primary scintillator, it is common to also use some number of additional fluors
and wavelength shifters to try and both shift the light to a more transparent region of the primary
scintillators absorption spectrum, and match the efficiency response of the photo-detectors. An
example of one of the fluors used in the SNO+ experiment can be seen on the right of Fig. 3.4
This combination of primary scintillator, fluors, and wavelength shifters is usually referred to as a

“cocktail”.

The current cocktail used in the SNO+ experiment is LAB with 2.2 g/L. PPO with an additional
2.2 mg/L bis-MSB, although data was taken with many other cocktails during the many phases of
SNO+, which will be discussed in Sec. 3.4. The expected light yield for this cocktail was somewhere
around 12000 photons/MeV, but the actual measured light yield after filling is lower (see Sec. 3.4.2

for a brief discussion). More information on the SNO+ scintillator can be found in [42].

The light emission from liquid scintillators also has a characteristic decay time since the excited
states of the molecular structure take some time to deexcite and emit photons. Scintillators have
multiple states that can be excited, therefore there are in general multiple decay constants that are
all summed when one looks at the scintillator emission time profile. This is typically modeled as
a weighted sum of exponential decays, optionally moderated by a rise time which accounts for the

process of energy transference between the primary scintillator and secondary fluors. An example
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Figure 3.5: A comparison of the calibrated timing models used for 0.6 g/L PPO and 2.2 g/L PPO

of two different scintillators and the two different timing responses can be seen in Fig. 3.5.
3.3.1. Quenching

Another important property of liquid scintillators worth mentioning is the phenomenon of “quench-
ing”. One of the most useful properties of scintillators is their roughly linear response to particle
energy. This means that relating the number of photons produced by the scintillator to the kinetic

energy of the incident particle is simple and easy to extrapolate between calibration points.

While this linear relationship is mostly true for electrons in liquid scintillators, heavier particle like
protons and a’s have non-negligible quenching effects. This means they produce less light per unit
energy deposited into the scintillator than electrons and the linear relationship between kinetic
energy and photon production is no longer a valid approximation. This phenomenon is captured
in an empirical sense by Birks’ law [43]

dL b

7 g drx 3.1
dx 1+k3% ( )

which relates the total number of produced photons L to the scintillation efficiency S (in units of
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photons per MeV), the energy loss per unit distance of the particle %, and a particle and material

dependent number kg which is referred to as Birks’ constant.

Eq. (3.1) applies to photon production in liquid scintillators in general, but for electrons kp is
very small and therefore there is a nearly linear relationship between the photons produced per
unit track length (L) and the energy of the particle. But for large values of kp, which is the case
for heavier particles like a’s, the linear relationship is broken — and this is the meaning of the

colloquial statement that “a’s are quenched”.
3.3.2. Te loading

Novel techniques to load LABPPO with tellurium (Te) have also been developed for the Te-phase
of SNO+ [44]. Stability has been shown over a wide range of concentrations and the effects of the
loading process on light yield of the scintillator have also been studied. The liquid scintillator in

SNO+ will eventually be loaded with Te using these techniques.
3.3.3. Cherenkov radiation in liquid scintillator detectors

A byproduct of the high light yield of scintillators is that while the Cherenkov light is still produced
within the scintillator, the intensity of the scintillation light is enough to completely saturate the

signal from the Cherenkov photons. Indeed, if we consider the Frank-Tamm formula

O2E ¢ 2
9x0w Eu(w)w <1 a 02n2(w)> (32)

where dFE is the energy emitted per unit length traveled by the particle dx per unit of frequency dw,
v is the speed of the particle, and pu(w) and n(w) are the permeability and index of refraction of the
medium, respectively, we can see that photon production increases with increases in n — meaning
that there is actually more Cherenkov light produced in LAB than there is in water. Whenever one
shows Eq. (3.2), they are obliged to also mention that this only holds for charged particles where
the speed of the particle is greater than the speed of light in the surrounding medium. This causes
a “sonic boom” like effect, leading to coherent wavefronts of electromagnetic radiation, which is

what we call Cherenkov radiation.
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This trade-off between operating in a low light yield Cherenkov photon rich environment vs a high
light yield scintillation photon rich environment has led to much discussion in recent years over how
one may be able to combine the two techniques into one detector, a so called “hybrid Cherenkov
scintillation” detector. We have already seen scintillation detectors utilize some of the information
contained in the Cherenkov photons [45] [46], providing a tantalizing view of what could be done in
a detector specifically designed to use both Cherenkov and scintillation light together. An example
of one such detector is the Eos experiment[47], which is an experiment designed to serve as a

test-bed for technologies which could be used in hybrid detectors.
3.4. Phases of the SNO+ experiment

In contrast to other neutrinoless double beta decay experiments, the SNO+ collaboration has
elected to take a phased approach to loading the detector with tellurium. By phased approach, we
mean that as the target of the detector changes from water to scintillator to Te-loaded scintillator,
we stop and take data in each configuration to verify that we understand the performance of and
backgrounds in the detector. This section will discuss the two phases that have already occurred,

the water and scintillator phase, and the upcoming final phase, the Te-phase.
3.4.1. Water phase

Immediately following the hardware and electronics upgrades defining the transition from SNO to
SNO+, the acrylic vessel was filled with 905 tons of ultra-pure water (UPW). This phase of the
acrylic vessel being filled with UPW is referred to as the water phase. Data was collected during
the water phase from May 2017 to June 2019. Filling first with ultra-pure water allowed for direct
comparisons to data taken in SNO since the detector still operated as a water-Cherenkov detector,
making it much more straightforward to understand the impacts of the upgrades and any impacts

of the prolonged downtime.

To this end, multiple calibration sources were deployed in the SNO+ detector during the water
phase. This includes a SN source and an Americium-Beryllium (AmBe) source, providing a tagged
6 MeV gamma and a 4.4 MeV gamma + neutron respectively, as well as a number of variable

intensity laserball and LED sources. The laser sources were used to calibrate the water attenuation,
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Figure 3.6: The phases of the SNO+ detector. Adapted from A. Inacio [54]

the effective attenuation of the acrylic vessel, and the angular response of the PMTs over a range
of different wavelengths [48]. The N was used to calibrate the energy, position, and direction
reconstruction [49]. The AmBe source was used to measure the neutron capture cross section and

the neutron detection efficiency in the detector [50].

In addition to the deployment of calibration sources, multiple physics results were obtained during
the water phase. This includes a search for invisible nucleon decay [51], which set world leading
limits in multiple decay channels, very low background measurements of the 8B neutrino flux [52],
and the first ever detection of reactor antineutrinos in a water Cherenkov detector [53]. A helpful

figure for remembering the different phases can be found in Fig. 3.6.
3.4.2. Scintillator phase

Following the water phase, in 2019 the SNO+ detector then began to fill with a LAB + 0.6 g/L
PPO cocktail, where 0.6 g/L means 0.6 grams of PPO per liter of LAB. This filling was interrupted
by the COVID pandemic in 2020 when there was ~365 tons of scintillator in the detector, meaning
that the detector was stuck in a partially filled state with a water-LAB interface ~75 cm above the

AV equator. This detector configuration is referred to as the partial fill phase.

During the partial fill phase, several months of stable data was recorded between March and

September of 2020, which was subsequently used in multiple physics analyses. This included the first
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measurement of backgrounds relevant to the Ov58 phase, since many of the relevant backgrounds
could not be observed during the water phase. A limited sensitivity measurement of Amo; was

also made during the partial fill phase [55].

The scintillator fill concluded in 2021 with 780 tons of LAB loaded into the detector. Data was
taken with the 0.6 g/L PPO cocktail from April to June of 2021. Then in June of 2021, additional
PPO was added to the scintillator cocktail bringing the PPO concentration up to 2.2 g/L. Data was
then collected with the 2.2 g/L cocktail from April 2022 to June 2023. This configuration of 0.6
g/L or 2.2 g/L LABPPO without any water in the AV is referred to as the basic scintillator phase,
and in this work references to the basic scintillator phase will always mean the 2.2 g/L scintillator

phase unless 0.6 g/L is explicitly mentioned.

The addition of 1,4-bis(2-methylstyryl)benzene (bisMSB) as a secondary fluor occurred from July
to December of 2023, the resulting cocktail being LAB + 2.2 g/L. PPO + 2.2 mg/L bisMSB. Prior
to the addition of the bisMSB, 6.5 mg/L of Butylated Hydroxytoluene (BHT), a stabilizing agent,
was also added into the scintillator as a anti-yellowing agent. As was expected, the BHT did not
have any effects on the optics. At the time this thesis is being prepared, which is August 2026, this
is the cocktail that is currently in the AV. Data has only been collected up until February of 2026
though, since the detector was shut down due to the discovery of a leak in the AV. Discussions
regarding the plan for the repair of the leak in the AV are ongoing. This phase with bisMSB added

into the LABPPO cocktail is referred to as the enhanced scintillator phase or the bisMSB phase.

The light yield in the 0.6 g/L scintillator phase was ~300 hits per MeV, for both the partial and
fully filled configurations. The addition of PPO to bring the concentration from 0.6 to 2.2 g/L PPO
was supposed to substantially increase the light yield of the detector, but we believe that due to
overheating of the added PPO the light yield slightly decreased to ~275 hits per MeV. The addition
of bisMSB was also supposed to increase the light yield, and indeed it did provide an approximate

50% boost to the light yield, giving a final hits per MeV of ~390.

Physics results have been extracted from the 0.6 g/L, 2.2 g/L, and bisMSB scintillator phases. A
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combination of partial fill data and 0.6 g/L scintillator phase data were used to demonstrate the
first evidence of event by event direction reconstruction in a high light yield scintillator [46]. Long
baseline measurements of Amo; were also made during these phases, and measurements of the solar

oscillation parameters are also ongoing.

The data analyzed in this thesis is all from the 2.2 g/L scintillator phase, thus much more time will
be spent discussing the calibrations carried out during this phase and results of the low energy B

neutrino flux during this phase will also be presented.
3.4.3. Tellurium phase

The next phase of the SNO+ experiment is the tellurium phase, which will begin with the loading
of ~3.9 tons of natural Te or 0.5% Te fraction relative to the LAB, which translates to a loading
of ~1.3 tons of ¥°Te. R&D on the Te loading process has shown stability up to higher loading
concentrations, therefore the current plan is to try and load to higher Te concentrations as soon as
possible following the loading to 0.5%. The goal final loading concentration is 1.5%. This phase

will be referred to as the Te phase, where 0.5% or 1.5% will be specified when necessary.
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Figure 3.7: The change in scintillator light yield as a function of Te concentration. From [44].

Adding Te to the scintillator cocktail will decrease the light yield, which can be seen in Fig. 3.7
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Figure 3.8: A schematic of a dynode chain like the ones found in the SNO+ PMT. From [56]

which is taken from [44]. Taking our current light yield and factoring in the reduction in light yield
expected in the 0.5% and 1.5% Te phases, we expect to see around 260 hits per MeV in the 0.5%

loading and 230 hits per MeV in the 1.5% loading.

This thesis will also present predictions of the sensitivity limits of the SNO+ detector in the Te

phase.
3.5. SNO+ Electronics

Perhaps the best way to understand the SNO+ electronics is to travel along the path that converts

a single photon into the “hit-level” information used in data analysis.

Assuming that a given photon is incident upon a PMT in the SNO+ detector and creates a photo-
electron, the kV scale electric field inside the PMT will accelerate the photo-electron towards the
dynode chain contained in the neck of the PMT. This dynode chain consists of many metal plates
held at decreasing voltages, creating strong electric fields between one another. The initial photo-
electron will eventually make contact with the first dynode in the chain, ejecting many electrons.
These ejected electrons will then be accelerated towards the next dynode in chain, individually
ejecting many electrons when each impacts the second dynode. This process is repeated for each
dynode in the dynode chain (O(10)), converting a single electron into around ~ 107, which are
then finally absorbed by the final dynode in the chain. A schematic of a dynode chain can be seen
in Fig. 3.8.

This number of electrons creates a measurable current on the scale of 100s of A, which we can then
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process to extract information regarding the photon that created the initial photo-electron, namely
the start time and the charge of the pulse. PMTs have an inherent timing resolution, so if two
photons arrive within a short period of time (short being on the order of ns), then the individual
pulses created from each photo-electron are essentially just added together, therefore the charge of

the pulse maps to the number of photons detected by the PMT.

At this point we are beginning to delve into the SNO+ electronics chain — note that a potentially
helpful schematic showing the relationship between all the different components can be seen in

Fig. 3.9.

The pulses from a set of 32 PMTs are all routed through a PMT interface card (PMTIC) and then
to a set of 4 “daughterboards”, which are mounted through surface pin connectors onto Front End
Cards (FECs). The PMTICs are also responsible for supplying HV to the 32 connected PMTs,
and contain 4 relays allowing for power to be turned off to groups of 8 PMTs. Each daughterboard

processes the information from 8 PMTs in the analog domain using custom made ASICs. There

are ASICs for both discrimination and integration, called the SNOD and SNOINT.

The SNOD is used to determine if the signal coming from a PMT crossed a per channel threshold,
which implies that the PMT detected a photon. Upon crossing threshold, the SNOINT begins
integrating the pulse using two independent gain paths, one being low gain and the other being
high gain. The high gain path integrates the pulse over two different time ranges, ~60 ns and ~400
ns, respectively referred to as QHS (Q (charge) High-gain Short) and QHL (Q (charge) High-gain
Long). The low gain path has one modifiable integration window and is referred to as QLX (Q
(charge) Low-gain X). In principle, this allows for SNO+ to measure PMT charge over a wide

dynamic range, and also provides some sensitivity to the time at which individual photons arrived.

The threshold crossing of the PMT pulse also begins what is referred to as the “TAC (time to
amplitude converter) ramp” — a linear voltage ramp maintained by a custom “CMOS” chip on
the daughterboards. In addition to handling the TAC ramp, the CMOS chip also stores the charge

information recorded by the SNOINT in analog memory cells. The purpose of the TAC ramp will
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Figure 3.9: A schematic of the SNO+ electronics with components added during the upgrade from
SNO to SNO+ in blue. Taken from T. Zummo [57]. Some of the components not involved during
standard data taking will not be discussed in this section.

become clear shortly.

Even in pure darkness, PMTs will create pulses indistinguishable from those created by photo-
electrons due to electrons spontaneously ejecting from the first dynode in the dynode chain. This
noise is referred to as the “dark rate”, and is typically on the order of kHz for standard PMTs. In
order to try and differentiate between this constant noise and physics events within the detector,
SNO+ employs a triggering system that only records data when many PMTs all record hits within

a small time window.

At this point, we have discussed the local process of processing the hit information from a single
PMT. But given that trigger decisions are driven by the global behavior of all the PMTs in the
SNO+ detector, the per-PMT threshold crossing information must be passed along to some central
authority to decide when data should be saved. Once the SNOD measures a PMT pulse that does
cross the hit threshold, the CMOS chip will immediately begin to send some trigger information

to the FEC. This includes two square waves indicating that the PMT was hit, one 20 ns wide and
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another 100 ns wide referred to as N20 and N100, respectively. Two shaped copies of the PMT pulse
are also created along low and high gain paths, referred to as ESUML and ESUMH, respectively.
The FEC then sends these signals along a backplane to the crate trigger card (CTC). Speaking
coarsely, the CTC will sum the PMT hit information from the 16 FEC cards within its “crate”
(hence the name crate trigger card), adding together the N20, N100, ESUML and ESUMH from

512 PMTs. The SNO+ detector as a whole contains 19 of these crates in total.

After summing together the trigger information from its crate, the CTC then passes along these
summed trigger signals to 7 MTCAs? (master trigger card - analog). The MTCAs sum the trig-
ger signals from all 19 crates over three different gain paths (low, medium, and high), with one
MTCA responsible for each trigger signal: N20, N100, ESUML, ESUMH, OWLN, OWLELOW,
and OWLEHI. The OWL prefixed triggers are specific triggers for the OWL PMTs, or the outward
looking PMTs. These PMTs face towards the water surrounding the SNO+ PMT support structure
(PSUP), allowing them to collect Cherenkov photons produced in the buffer water which is useful
for tagging muons. Each CTC is equipped with a dedicated path for the OWL PMTs, of which
only some are populated. The N100, ESUML, and ESUMH from the dedicated OWL paths on the
CTCs are then passed into a dedicated MTCA. These are the OWLN, OWLELOW, and OWLEHI
respectively. Each MTCA compares its three analog sums against a configurable threshold, and
upon a threshold cross it reports what is called a “raw trigger” to the MTCD (master trigger card

- digital)

Specifically, the MTCA contains comparators that make the threshold crossing decisions, and then
the outputs from the comparators are fed into a Xilinx CollRunner-1I CPLD. Typically the CPLD
just send the raw triggers on the output of the gain path that crossed threshold, but more complex

triggering logic can be implemented on the CPLD, as will be discussed in Sec. 3.5.1

The MTCD is what makes the final decision on whether or not to emit a global trigger (GT). In

principle, this decision can be based upon the raw triggers from any of the MTCAs, as well as a

2This board’s true name is the MTCA+ as it features some modifications relative to the MTCA used in the SNO
detector, but the “4” will always be implied in any reference to the MTCA in this work.
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small number of separate trigger inputs that the MTCD supports. But during typical physics data
taking, this decision to emit a GT is based upon a raw trigger from the low gain path N100. When
the MTCD does indeed decide to emit a GT, the GT signal is sent from the MTCD to the CTCs in
every crate, which then passes this signal along the backplane to each of its 16 FECs. The MTCD
will also save information regarding which raw trigger caused the MTCD to trigger, a 24 bit global
trigger identifier (GTID), and the time of the GT. The emission of the GT is the defining feature of
an event in the SNO+ detector. The MTCD will also emit another signal called the lockout (LO)
signal, which prohibits the MTCD from emitting another GT for 420 ns. This defines the length

of the trigger window in the SNO+ detector, which is 420 ns.

When the FECs receive the GT from the MTCD, they will ask the daughterboards if they have
any hit information from their respective PMTs. If they do, the FEC will then begin buffering this
information into SODIMM cards present on each FEC. But since the timing of the trigger relative
to when a PMT in the detector recorded a hit is arbitrary, one must be able to figure out when a

PMT was hit relative to the emission of the GT.

Now we return to the purpose of the TAC ramp — since the ramp is linear it essentially acts as
an analog counter proportional to the amount of time since the PMT was hit. Small TAC values
indicate that the PMT was hit recently relative to when the GT was emitted, and large TAC values
indicate the opposite. In terms of how the TAC corresponds to the trigger window, hits with large
TAC values are early in the trigger window and events with small TAC values are late in the trigger
window. For each hit PMT, the FEC will digitize and buffer the TAC, QHL, QHS, QLX, and GTID
reported by the channel as well as some meta information about which PMT the information came
from. Upon receiving a GT, each FEC will also increment its own GTID counter allowing for data
in different crates to be mapped back to a GT. It is possible for FEC GTIDs and the MTCDs
GTID to become out of sync, thus every 2'6 events a signal is sent to the channels to synchronize

the GTIDs across the entire detector.

Now an electronics minded individual might be wondering at this point what happens if a channel

is hit, but there is no GTID forcing the readout of the channel for a very long time. Of course,
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the analog buffers on the CMOS chip cannot store the charge and TAC information forever, and
furthermore we care less and less about hits as the hit time grows further away from the trigger
time. To account for these kinds of situations, the channels automatically stop the TAC ramp and

clear all hit information ~400 ns after a channel is hit.

Now the PMT level information from each of the FECs needs to be read out and bundled into a
SNO+ event. The readout of the FECs is handled by the XL3, which asynchronously retrieves any
buffered data from the FECs and then sends it over ethernet cables to servers that interface with all
the XL3s and the MTCD. These servers are also responsible for retrieving trigger information from
the MTCD, and then passing along this information to any client that requests it. The notable
client of this server is the Event Builder, which is responsible for compiling all of the disparate and
asynchronous information obtained from the FECs and MTCD/As into a sensible SNO+ event.
This grouping of hits into events is done using the GTIDs reported by each channel when its hit
information was read out. Perhaps the most commonly used phrase in the SNO+ collaboration is

the term “nhit” which is just the number of hits grouped into each event.

During typical running data is acquired continuously, but we group hour long segments of data
taking into “runs”. Runs are given unique increasing IDs, which are typically incremented by one,
but sometimes more in cases where the SNO+ experiment is switching between phases (Sec. 3.4).
Run by run information regarding the detector state as well as any unusual detector conditions (like
people working on the electronics or walking around on the deck) are also recorded. The run level
distinction is mostly for bookkeeping, and on the processing side data is written out into individual
1GB files stored in a custom format, each of which is called a “subrun”. During the most recent

period of SNO+ data taking a run typically consisted of ~15 subruns.
3.5.1. Deadtime and re-triggering

As was mentioned in the previous section, the MTCA through the CPLD can implement more
complicated triggering logic. A dangerous class of background events for the SNO+ experiment are
what we refer to as in-window or pileup events, or events where two pulses of light are generated

within or nearly within one 420 ns trigger window. These events can have energies similar to the
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Ov 3 signal, potentially leading to mis-identification of some of these pileup events as Ov3/ events.
The main background producing these pileup events is 22Bi?!?Po , but some 2'4Bi?!*Po events will
also have short enough time differences between the 2'4Bi and 2'4Po decays to end up being pileup
events (discussions of the 214Bi?'*Po and 2'?Bi?!2Po backgrounds can be found in Sec. 4.3.1 and

Sec. 5.1). Examples of the pileup vs non pileup events can be seen in Fig. 3.10
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Figure 3.10: A cartoon representing different classes of pileup events based on the summed PMT
pulses. Taken from A. Sofia [54]

Part of the reason pileup events present a dangerous background for the SNO+ experiment is
because of the behavior of the trigger system. A common feature of a trigger based detector is that
of deadtime, or a period of time where event or hit level information is unable to be read out by

the electronics. In SNO+ there are two sources of deadtime, trigger deadtime and hit deadtime.

Trigger deadtime is due to the lockout (LO) signal, which is what prevents the MTCD from sending
another GT for 420 ns after a trigger has occurred. The issue is that the GT takes around 200
ns to reach all the FECs in the detector, meaning that the hits that caused a GT to be generated
will fall around 200 ns into the trigger window. Since the trigger window is 420 ns long, if another
pulse of light is generated within the detector ~300 ns after the first trigger, then some of the hits

from that pulse of light might not be read out since they are too late to fall in the trigger window
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that already occurred, but too early to cause another trigger once LO has ended.

Hit deadtime on the other hand is due to the implementation details of how hits are mapped to
individual events on the daughterboards. Once a hit occurs on a given channel, another bit called
GTValid is set to high to inform the FEC that a channel has data that is ready to be read out.
The GTValid must be shorter than the time over which the TAC ramp occurs, since a valid TAC
must be available any time hit information can be read out. But GTValid must also be shorter
than the LO signal since we do not want the same hit to be read out in two separate events. These
requirements mean that there is always some delay between when LO ends and the TAC curve is
reset, which implies that there is a small period of time in which a channel could be hit when the

detector is ready to trigger, but the hit is not recorded due to the TAC curve not being reset yet.

To try and mitigate the effects of deadtime, a technique called “retriggering” was developed. Re-
triggering essentially forces the detector to emit a trigger as soon as LO ends to try and readout any
hits that the detector might have otherwise not triggered on due to the deadtime effects described
above. The conditions under which the detector will retrigger include what are called “automatic”
retriggers, which are generated when events over a certain number of hits occurs in the detector.
The other type of retriggers important for this work are LO retriggers and DGT retriggers. LO
retriggers are generated if one of the outputs of the comparators on the MTCA is high at the end of
LO, and DGT retriggers are generated if comparator is high during LO but after a delayed global

trigger (DGT), or delayed copy of the trigger signal, has already gone from high to low.

Typically low level nhits cuts are applied on these retrigger windows to reject any events that have
abnormally large numbers of hits in the retrigger window, since most physics analyses always expect

clean retrigger windows following any physics events.
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CHAPTER 4

Simulation and Reconstruction in SNO+

The main focus of this chapter is to describe how reconstruction algorithms can take the low level
information recorded by the PMTs in the SNO+ detector and provide estimates of interesting
quantities like interaction vertex times, positions, directions, energies, etc. An invaluable tool for
the creation and evaluation of these algorithms is Monte Carlo (MC) simulation. Therefore before
our discussion of the reconstruction techniques employed by the SNO+ detector, we will discuss

the simulation framework developed and used by the SNO+ collaboration in Sec. 4.1.

The SNO+ collaboration has also developed a number of algorithms generally useful for every
analysis. This not only includes algorithms used to reconstruct quantities computed in essentially
every scintillator detector, like the position (Sec. 4.2.1) and energy (Sec. 4.2.2) of events, but also
more SNO+ specific techniques which are referred to generally as classifiers (Sec. 4.2.3). Additional

calibrations and corrections applied to the simulation and the data are discussed in Sec. 4.3.
4.1. Monte Carlo simulation of the SNO+ detector

Analysis of the data collected by the SNO+ experiment depends heavily on the use of Monte Carlo
(MC) simulations, as well as general 10 and analysis code. The simulation and analysis library
used by the SNO+ experiment is called SNO+4+ RAT, which is a heavily modified version of the

original RAT [58] software package created by S. Siebert for the the Braidwood Collaboration.

RAT is essentially a wrapper around the Geant4 particle physics simulation library [59], adding
in a useful database system, overhauling the macro interfaces provided by Geant4, as well as
overwritting some of the default physics behaviors of Geant4. The database system, which is called
RATDB, allows for runtime fetching of information pertinent to almost every facet of the SNO+
detector: run state information, optics and physics tables, detector geometry information, etc.
The databases can be overwritten locally or synchronized against remote databases, allowing for

simulations produced on any machine with an internet connection to generate accurate simulations
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for specific data runs. The changes to the macro interface supplied by Geant4 allow for changes to
be made to the database within macros themselves. The overhaul to the macro interface also allows
for geometries to be created within geo files, which are text files with line by line instructions for
constructing a detector geometry from simpler volumes, which is often much preferable to writing

C++ code to generate geometries like one does when using Geant4 directly.

Overwriting physics processes is another important functions of RAT since we often want to modify
the behaviors of the processes that are relevant to our specific experiment. SNO+ RAT notably
implements modified scintillation and Cherenkov processes as well a custom positiron annhilation

process to correctly handle the formation of ortho-positronium bound states.

RAT also implements a number of custom event producers (which are also sometimes called gen-
erators) and processors. Examples of important producers include the electron gun, the Decay0
generator which simulates a number of complicated radioactive decays, and the AmBe genera-
tor, which simulates events generated by the Americium Berillium calibratation source used by the
SNO+ experiment. The producers essentially act as an interface between the RAT user and Geant4
by generating vertices according to the RAT macro, and then passing them off to Geant4 for the
actual physics simulation of those vertices. Typically, the relevant result of the Geant4 simulation
is the detected photons, which are then passed back to RAT and ran through a custom, and very
thorough, simulation of the SNO+4 DAQ system. The simulation of the DAQ outputs information
that mimics the real data that is produced by the detector. Of course, low level information re-
garding the vertices and other information handled by Geant4 can also be retrieved through RAT

as well.

Following the simulations of the DAQ system, the output event information can then be passed
to the RAT processors, which convert the hit-level information collected by the PMTs into values
regarding the position, energy, etc. of the event. Since the simulation of the DAQ and the real
DAQ spit out event information the same format, the data can be processed essentially the same
fashion as the MC, except event information is read from the data files rather than being supplied

by Geant4 simulations. The specific algorithms that go from the hit time information to more high
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level quantities like position and energy will be discussed in the following section (Sec. 4.2).
4.1.1. Run by run productions

One of the benefits of the RATDB is that simulations can be generated according to the run condi-
tions of the very runs one is processing in an analysis. Since many analyzers all use the same sets of
runs, the SNO+ collaboration will run large scale “productions” which generate simulated datasets
of the expected backgrounds in the detector. More information on these expected backgrounds can

be found in Sec. 5.1

An important part of the detector state in regards to reconstruction performance is the number
and distribution of online PMTs in the detector. The RATDB does keep a record of exactly what
PMTs are on and off in a given run, and therefore these run-by-run productions should in principle

recreate the effects of PMTs being turned off during data taking.
4.2. Reconstruction

Before we dive into the specifics of each reconstruction algorithm, it is worth pointing out some of
the general assumptions made by the reconstruction algorithms used by SNO+. While MeV scale
electrons will typically produce photons along their entire cm to few-cm length track as they stop,
the reconstruction algorithms all either implicitly or explicitly assume that photons were created
at a single point, unless otherwise stated. While this is wrong, we are not very sensitive to the
specifics of the electron track because of the imperfect timing of the PMTs, optical effects within

the detector, and the multiple-scattering that occurs as the electron propagates.

Another key assumption is that the position and energy reconstruction algorithms all work under
the assumption that they are reconstructing a single electron vertex. Since heavier particles like
alphas and protons have a much different ratio mapping emitted photons to particle kinetic energy,
the energy reconstruction will report energies much lower than their true energy. Another way
to phrase this is that we always report the energy of an event in terms of the electron equivalent
energy, or the energy an required by an electron to create that number of photons. This effect of

heavier particles creating fewer photons per unit of deposited energy is referred to as quenching
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(Sec. 3.3). The single electron vertex assumption also fails when we reconstruct gammas, as a
gamma can Compton scatter multiple electrons centimeters apart from one another as it moves

through the detector.

It is important to understand that while we carry out the reconstruction under incorrect hypotheses,
we are not completely insensitive to things like the event’s true track length and particle type.
Depending on the validity of the single vertex electron hypothesis, the performance of the position
reconstruction changes and this provides a handle of how “electron”-like an event looks — and we
can use this information in our analyses. This idea will be discussed more in depth towards the

end of this chapter.
4.2.1. Position and time reconstruction

The first quantity reconstructed for a triggered event during SNO+ processing is the time and
position (t, x, y, z), as almost every other reconstruction algorithm requires a position as an input.
There are many different approaches one can use to extract a position from an event in a scintillator
detector. Position reconstruction typically makes use of the time of flight differences of photons
detected by different PMTs, as well as the charge deposited on each of the PMTs. In the limit
that a detector is saturated with PMT hits, meaning that each PMT is collecting many photons,
the arrival times of individual photons become difficult to measure, and charge based position
reconstruction techniques that take the charge weighted average of the hit PMT positions can

provide satisfactory results.

The SNO+ detector on the other hand mostly operates in the opposite limit, where hit PMTs
collect mostly one photon per event and rarely see two. This means SNO+ can leverage the timing
information of the individual photons to compute the position. In this section we will actually
discuss two distinct approaches which are used in tandem in the SNO+ fitting pipeline. The first

algorithm is called the “quadfitter” and the second is referred to as the “position likelihood fitter”.
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Quadfitter

The general idea behind quadfitter is that in the limit all the photons are emitted at the same time

and take straight line paths from the particle’s position to the PMTs, we have the following
Ty~ Vi = diu with diudiu =0 (4.1)

where 4 indexes over all the NV hit PMTs in an event, 7, is the true vertex position 4-vector, v;,
is the hit PMT 4-vector. The second equality is a direct consequence of the zero length paths of
light-like intervals in Minkowski space-time. Now since all the photons are not actually emitted
at the same time due to the extent of the particle track, optical effects during propogration, and
effects from the PMT timing uncertainty, d;*'d;, = 0 does not hold exactly. We can also note that
di*d;,, = 0 is really a coupled system of 4 equations for each hit PMT 4, thus we cannot expect to
find a solution in general since it will typically be highly over-constrained if we have more than 4

PMT hits.

The quadfitter algorithm avoids this issue by randomly selecting a subset of 4 PMT hits from the
total set of hit PMTs. Since this subset consists of 4 d;,, intervals, we have a fully determined system
of equations and can analytically compute the event vertex that results in zero-valued space time
intervals. Given infinite compute capability, one could do this for all (JZ ) combinations of PMTs
but SNO+ frequently records events with 100s to 1000s of hits, and (51(\),0) is already ~2 billion
combinations. Instead, the vertex will be typically computed for min(10000, (]Z )) combinations of
PMTs, and the vertex from each of these combinations is recorded. Each of this individual vertices
is called a “quad-point” and the collection of them all together is the “quad-cloud”. The median
of the values in each dimension of the vertices is taken as the reconstructed vertex. The variance

of the values in each dimension can also be used as a rough estimate of the uncertainty in the

reconstructed vertex.

This reconstruction algorithm does not perform as well as the position-likelihood fitter we will

discuss in the next section, but the utility of quadfitter comes from the fact that it is robust,
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minimization free, and requires minimal changes when switching between materials with different
optical properties. For these reasons, we run quadfitter to compute the seed of the more complicated

position-likelihood fitter.
Position-likelihood fitter

As the name suggests, the position-likelihood fitter takes a likelihood based approach to position
reconstruction. For a discussion on maximal likelihood estimation, see Sec. A.1. We want to

evaluate a likelihood function of the following form
—(g) = 3 In(p(zs) (42)

where the p(x;) term is the probability of a photon hitting a given PMT at a given time, represented
with the 4-vector = = (xg,x1,x2,23) = (t,2,y,2), and i runs over all the hit PMTs in an event.
In principle, p(z;) also has a marginal term p(z;|...) where the [... term represents all the different
processes that could affect p(x;). This includes the optics of the scintillator, the energy of the event,
the specific run conditions during which the event occured — but crucially for our purposes, the
term also includes where in the detector the event occured, the true vertex r. Therefore we can
hypothesize different vertices, v/, and determine which maximizes the likelihood, or minimizes the

negative log likelihood.

As was stated in the last paragraph though, there are many factors that affect the p;. Rather than
trying to analytically account for these effects we employ a few tricks. First we use our in-depth
Monte Carlo (MC) model to try and predict the shape of the likelihood function through a process
we refer to as “coordination”. For the position-likelihood fitter, this step roughly involves measuring
and calibrating the optical model, and then simulating hundreds of thousands of electron events at

different energies and locations in the detector to build up the likelihood function.

The next trick is to then define the likelihood function in terms of the residual times, or the path

length corrected hit times, rather than the raw PMT hit times. Specifically, the hit time residuals
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are defined as

tr = thit — it — Leof (4.3)

where ty;; is when the photon hit the PMT, tg; is the fitted time from the position reconstruction
algorithm, and tiy is the time of flight of the photon. This path length correction is a difficult
process in general, since photons cross multiple boundaries on their way to the PMTs and can also
be absorbed and reemitted or scattered during propagation through the bulk material. While we
cannot correct for effects of absorption and reemission as they are stochastic processes, we can and
do correct for the refraction effects as photons pass through the material interfaces. Furthermore,
the coordination step should account for the effects of absorption and reemission in a statistical

fashion in the likelihood function.

Defining the likelihood in terms of the hit-time residuals allows us to ignore the locations of the
PMTs in the detector since the path length correction accounts for the photon time of flight. Thus

we can write our likelihood function in a simpler way,

—In(L) = Z In [p(t,i|r)] (4.4)

which depends only on the hypothesized position and the ¢th time residual ¢,;. Now that we have
a calculable version of the likelihood, the position fitting process becomes simple. We can just use
any minimization algorithm to minimize the negative log likelihood, where at each evaluation we
re-calculate the hit time residuals given the hypothesized vertex. Currently the Powell algorithm

is used to do the minimization.

While using the hit-time residuals mostly corrects for the position dependence of the hit time
residual distribution, we do still see residual effects that deform the distribution both in different
radial shells and different energy regimes. The more straightforward effect is the one observed in
the different radial shells, which is due to dispersion, or the wavelength dependence of speed of
light in water. Since longer wavelengths travel faster than shorter wavelengths and Cherenkov and

scintillation processes both produce photons in a range of wavelengths, events near the center of
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Figure 4.1: A plot showing how the hit time residuals change in different radial shells. A similar
effect is seen 1-10 MeV energy range as well. Plot is courtesy of Will Parker [60].

the detector tend to have broader hit time residual distributions as the photons disperse as they
travel through the bulk material. This effect can be seen in Fig. 4.1. One of the ways we try to
correct for this effect is by generating the hit time residual distributions in different radial shells,

and the one used during fitting is chosen based on the seed fed into the position-likelihood fitter.

As was mentioned above, we also observe that the hit time residual distributions become biased
towards earlier times as event energies go up, which we believe to be due to the fact that we
cannot measure the arrival time of any photons incident on PMTs that have already recorded a
hit. Since higher energy events produce more photons, they are more likely to have multi-hit PMTs
which will bias the hit time residual distributions towards earlier times as we only measure the
arrival time of the first photon. This is effect is corrected for by changing the “effective” speed of
light used when calculating the hit time residuals based on the number of hits in an event, since
decreasing the speed of light introduces a bias in the hit time residuals that offsets this energy
dependent bias. Both the dispersion and the multi-hit PMT effects manifest as radial biases in the

position-likelihood reconstruction, which can be mostly corrected for using the approaches above.
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Figure 4.2: A plot showing the length between reconstructed and true positions of simulated Ov33
events (E~2.5 MeV) in 2.2g/L LABPPO. Most events reconstruct within a few 10s of cm of their
true position.

The remaining radial biases are on the order of ~ 1%.

The performance of the position-likelihood fitter when used to reconstruct Ov3j events in 2.2 g/L

LABPPO can be seen in Fig. 4.2.
4.2.2. Energy fitting

In it’s simplest form, energy reconstruction in scintillator detectors can be done by taking the
number of detected photons in an event and equating that to an electron equivalent energy using
simulation or calibration data. Furthermore, the conversion between collected photons and electron

energy is essentially linear, making this conversion easy to extrapolate.

This approach can be directly improved upon by also accounting for detector and optical effects
by using simulation to come up with a mapping that takes into account how the location of an
event in the detector correlates with the number of detected photons. This is essentially the

energy reconstruction approach employed by SNO+, accomplished through an algorithm called the
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“EnergyRThetaFuntional”.

In SNO+, there is one additional complication due to the poor charge response of the PMTs used
in the detector. The charge response forces analyzers to rely on the number of hit PMTs in the
event rather than the number of collected photons, which means that a PMT that sees one photon
and a PMT that sees 10 photons are treated identically in the sense that they both contribute one
“hit” to the energy reconstruction. Fortunately, events with energies less than 10s of MeV are in

the regime that most PMTs see only 1 photon, meaning this is a small and correctable effect.
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Figure 4.3: The H parameter (Sec. 4.2.2) is able to effectively reproduce an estimator that is linear
in energy. From [61].

The EnergyRThetaFuntional accounts for this multi-hit effect by splitting the detector into S regions

of approximately equal PMT solid angle, and defines a parameter that is linear in energy H:

Ny
H=-Y Ngilog <1— NH ) (4.5)
i S

where Ng; and Ng; are the total number of PMTs and hit PMTs in segment ¢, respectively. H
being a linear estimator of the energy is due to the fact that the number of photons collected by a

PMT in any of the segments will roughly follow a Poisson distribution, which is centered around a

60



30000

Counts

25000

1=2.47 MeV
0=0.11 MeV

20000

15000

10000

5000

2.0 2.2 24 2.6 2.8 3.0
Energy [MeV]

Figure 4.4: Reconstructed energies of Ovf33 events in the 2.2 g/L. LABPPO optics.

shared mean for all the PMTs in a given segment. So this H parameter essentially tries to account
for our ignorance about the number of multi-hit PMTs based on the number of hits recorded by

the rest of the PMTs in any of the given segments.

The next step is to then try and account for how the position affects the relationship between
detected photons and true event energy. This is accomplished in effectively the approach described
earlier in this section, where simulation is used to build a mapping from position to collected
photons to account for the detector and optical effects. The EnergyRThetaFuntional uses one
additional trick though; a piecewise function constructed from two continuous functions fit to
the position dependence predicted by the MC is used to apply this correction. Using continuous
functions rather than a simple lookup table ensures that no issues with discontinuities will bias the
reconstruction results (aside from at the point where the two functions are stitched together). A
piecewise function is used because the relationship between position and collected photons takes a
different qualitative form past a radius of about 5.2 meters, so a different function must be used
for this mapping at high radii. The mapping function is parameterized in r and 6 as there is an

azimuthal dependence to the detectors response due to the neck of the AV.
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The performance of the energy reconstruction when applied to Ov3/ events in the 2.2 g/L. LABPPO
optics can be seen in Fig. 4.4. A much more detailed evaluation of the energy bias and resolution

will occur in the following sections on the calibration of the detector response.
4.2.3. Classifiers

In addition to the reconstructed quantities above, the SNO+ processing pipeline will also apply a
number of “classifiers” to events to try and distinguish noise from physics events, and additionally

distinguish between different classes of physics event types.
In time ratio (ITR)

Perhaps the classifier with the highest ratio of utility to simplicity, the in time ratio (ITR) simply
calculates the ratio of hit time residuals in a -2 to 5 ns window relative to the total number of hits
in an event. By definition, this value will range somewhere between 0 and 1, but is typically much
closer to 0.25. This classifier is very effective at removing noise events, as noise events often have

a much flatter hit time residual distribution than real physics.

Aside from noise events, any type of event does not fall into the single vertex electron hypothesis
that the position reconstruction assumes will have an ITR value that deviates from what we’d
expect to see from electrons. This means that ITR can distinguish between pure 8 events from
B/~ or 7 events since the /v and = events are not well modeled by the single vertex electron

hypothesis.

Furthermore, some of the most dangerous background in the SNO+ detector are what we refer to
as in-window or pileup events, or events that consist of more than one decay in the 420 ns trigger
window. The main source of these pileup events is the short lived 21?Po isotope which has a half
life of 299 ns. In the cases where the 2'?Po decay is more than a few ns after the 2'2Bi decay, the
double peaked nature of the hit time residual distribution results in a distinct I'TR distribution for
this class of events. A plot comparing the ITR distributions of different event types can be seen in

Fig. 4.5.

Similar to energy, extensive ITR calibrations are done to not only to improve the data-MC agree-
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Figure 4.5: A plot comparing the expected ITR distributions of three distinct event classes. The
212Bi212Pg are mostly in window 3/a coincidences, giving them a distinct double peaked hit time
residual distribution, resulting in a very different ITR distribution. 2!4Bi events on the other hand
are [ decays that result in v cascades that which occur on pico-second time scales relative to the
initial S emission. Since the +’s will Compton scatter electrons 10s of cm away from the primary 3
emission, these events result in hit time residual distributions that are slightly broader than those
from ®B v, induced electron scatters, which are comprised of only one pure f3.

ment, but to also limit and understand any potential systematic effects arising from I'TR mismod-

eling. These calibrations will be discussed in the next section.

B1a

Another useful classifier is 814 which measures the isotropy of an event. Events during the scintilla-
tor phase should be very close to isotropic, and any events which are not isotropic are typically not
physics events. Thus B4 is a very useful classifier when wanting to remove unwanted non-physics

events from a dataset.
posFOM

The “position figure of merit” or posFOM is the depth of the likelihood space of the position-
likelihood fitter at the reconstructed vertex. This is an effective cut as it essentially quantifies “how
well” a specific event was modeled by the single electron vertex hypothesis, and therefore the hit
time residual PDF. Since the position-likelihood fitter uses every single “cleaned” hit during recon-

struction, this number needs to be scaled by the number of cleaned hits in an event to remain energy
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independent. Therefore cuts on posFOM are typically implemented using posFOM /nhitsCleaned.
4.3. Calibrations and corrections

The inclusion of any additional backgrounds in the SNO+ detector can directly impact the sensi-
tivity of the Ovf35 measurement. For this reason, the collaboration has been extremely cautious
regarding the deployment of internal sources as this is a process that will increase the backgrounds

rate of the detector, we can only mitigate the extent to which the backgrounds will increase.

Because of this abundance of caution, no internal calibration source were deployed during the basic
scintillator phase — the first internal calibration source deployment occurred during the enhanced
scintillator phase. But this does not mean there is no way to calibrate the detector response during
the basic scintillator phase, instead of relying on deployed calibration sources we can use tagged

internal sources to calibrate the detector.
4.3.1. ?“Bi*'“Po coincidence tagging

The internal background used for calibrations in this work is 2“Bi, which can be efficiently tagged
in coincidence with the decay of its daughter isotope, 2'*Po. The half life of 2'4Po is 164.3 pusec-
onds, which is already short relative to the trigger rate of the detector (~2kHz) and by utilizing
coincidence cuts to select pairs of events that specifically look like 2'*Bi?'4Po pairs we can obtain

very pure sample of these decays.

Typically these cuts involve selecting events such that there is a prompt event in the appropriate
energy range for 2!4Bi, that is close in both time and position to a delayed event within the
appropriate energy range for 24Po. It is important to recall that the 2!4Po decay is an a decay,
and the conversion of kinetic energy to photons in the scintillator is “quenched” (see Sec. 3.3.1), So
even though the 2'4Po « is emitted with 7.83 MeV of kinetic energy, the observed energy corresponds
to an electron with closer to 0.9 MeV of energy. Energy distributions as well as timing and position

separation distributions for prompt and delayed candidates can be seen in Fig. 4.6.

While we can obtain a pure sample of these events, as is corroborated by the agreement in the

At plot in Fig. 4.6, there are still some difficulties presented by using tagged internal backgrounds
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Figure 4.6: Various distributions of tagged 2'*Bi?!4Po pairs from the basic scintillator phase. Can-
didates from tagging on both data and simulation are shown. At and Ar are the separation between
the events in position and time, respectively. There are small but clear systematic disagreements
between the energy distributions for both the prompt and delayed events, which the calibration
procedures discussed in this section are intended to fix. The tagging criteria used to select these
events can be found in Thl. 4.1, aside from a more aggressive r cut that only accepted events out
to 4.5 m.

for calibration. Since so much effort is put into keeping the detector radiological “clean”, we are
typically statistically limited in the constraints we can place on systematics. Furthermore, we do
not know any truth level information regarding the backgrounds unlike how one would know the

position of a deployed source.

But what we do know is that for coincident backgrounds like the 214Bi?'4Po pairs, the two decays
occur in the same location of the detector since the momentum passed to the nucleus is very small
for B decays, so the difference between the Bi and Po locations is a good measure of our position

reconstruction performance.
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As can be seen in Fig. 4.6, the out of the box simulations are not in perfect agreement with
data. The following section will discuss the techniques used in to try and minimize the systematic

disagreement between data and simulation using this sample of tagged 2'4Bi%!4Po pairs.
4.3.2. Scintillator timing calibrations

Perhaps the most important part of the model calibrated with tagged 2'*Bi?'*Po decays is the
scintillator timing response. Since photon emission from scintillators is driven by the excitation
and deexcitation of different electronic and vibrational modes, there is also some inherent time
delay between the charged particle exciting the scintillator and the scintillator emitting photons.
This time delay is also very difficult to know a priori since the half lives of these excited states are
difficult to calculate. Furthermore, since most scintillator cocktails use secondary fluors in addition
to the primary scintillator, the interactions between the primary scintillator and secondary fluors
and how that relates to photon emission can be very hard to model microscopically. This means that
similar scintillator cocktails will often have slightly different emission time profiles, and therefore

experiments must manually calibrate this time profile to for their own scintillator.

To carry out this calibration of the scintillator timing response, we take a pure sample of 2*Bi events
from data and compare their hit time residual distributions to that of an MC generated sample
of 2Bi events. This process can then be repeated with 2'*Po events to tune the a timing of the
scintillator. In general, the MC and data distributions will not agree, so a different combination
of parameters describing the scintillator emission time profile will be used to generate a new set
of simulations, and the hit time residuals generated from this new set of parameters will then be
compared to the hit time residuals found in data. This process is repeated over and over again
until we find a combination of parameters that provides the best agreement between the data and

MC. Fig. 4.7 shows the results of this calibration process.

The function used to describe the emission time profile of the scintillator is

ft) = Z - fiTr (Ti(l — e_t/Ti) + Tr(e_”/'rr — 1)) (4.6)
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Figure 4.7: The hit time residual distributions of internal 2'4Bi and ?!4Po events before and after
tuning the scintillator emission time profile.

where A and 7 are vectors of amplitudes and decay times respectively, and 7, is the risetime of the
scintillator. Any number of elements can be placed into the vectors A and 7, but typically only 3

or 4 parameters are needed to effectively model the measured waveforms.
4.3.3. Energy and ITR corrections

Of course, the fitters used by the SNO+ experiment are not perfect, and reconstructed quantities
will often have measurable biases between the data and MC. This is another area where we can

rely on the 24Bi events to help understand the detector response.
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The cuts used to select the 214Bi?!Po pairs used in this analysis are shown in Tbl. 4.1. As can
be seen in the table, the events are split into two different groups based on run number to create

separate “calibration” and “testing” datasets.

Cut Prompt Event Delayed Event
Valid Fit True True

Data Cleaning Pass Any

Radius r<55m r<55m
Energy 1.2 <E<50MeV | 075 <E <12 MeV
214BiPo Tag True (prompt) True (delayed)
Hotspot Tags False False
Atmospheric 7 Tag False False

At 1pus < At <1 ms

Ar Ar<1lm

Calibration Runs ‘ Testing Runs
300000 - 300701 ‘ > 300702

Table 4.1: Top: The cuts applied to the 2'*Bi?!4Po pairs. The details of each of these cuts will be
discussed in a later section. Bottom: The run ranges used for calibration and testing applied to
the 21“Bi?!“Po pairs

Once we have a selection of pure 2'4Bi candidates in both data and MC (which is acquired by
only taking the prompt events in 2!4Bi?'4Po pairs), we can calculate the shift or scale correction
required to try and correct for the radial and z bias present in some parameters. Note that we
are not correcting the data to the MC or vice versa, we are rather correcting the data and MC
both to some arbitrary value in order to account for radial and z biases in a parameter. The two
parameters for which it is important that we carry out this procedure are energy and ITR, as we
will be explicitly fitting in these dimensions in this work. We first build and apply the correction
in the radial dimension, but this leaves a residual bias in the z-dimension. Thus we apply a similar

correction in z following the radial correction.

To build the correction map we slice the detector in radial or z slices, and then fit the mean of the
resulting distribution with a Gaussian. Since both energy and ITR are roughly normally distributed

for the 24Bi events, this parameterization is acceptable for our requirements. The means of the
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energy and ITR distributions before and after being corrected can be seen in Fig. 4.8.
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Figure 4.8: Mean energy (left) and ITR (right) distributions of tagged 2'“Bi events before and
applying the data driven corrections.

The energy correction is applied mostly to remain consistent with other solar neutrino analyses
which go out to higher radii where the energy reconstruction picks up more of a bias, so the
smaller effect of the energy correction is expected. The impact of the ITR correction, however, is

immediately apparent.

Note that the mean value the ITR distributions are corrected towards is completely arbitrary, a
value of 0.25 was chosen as it is close to the average uncorrected ITR for events with radii under

5 meters. The binning used in the radial shells is uniform in r3

in order to provide equal volume
bins. Direct comparisons between data and simulation in energy and ITR after applying these

corrections will be presented in a later section.
4.3.4. Acrylic vessel offset correction

Another correction that must be applied to the data is the AV offset correction. As the material
inside the AV has changed over the different phases of the SNO+ experiment, the buoyant force
acting on the AV has changed as well. This has caused the AV to move around as the tension in

the hold-down and hold-up ropes change, especially in the z-direction.

This is in contrast to the PSUP, which has remained in the same position over the entire course
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Figure 4.9: AV z-offset over the basic scintillator phase.

of the SNO+ experiement. Since all of the observations we make of the events inside the detector
come from the PMTs, the positions we reconstruct are all in terms of the PMT coordinates. The
physics we are interested in, on the other hand, is more usefully parameterized relative to the AV
coordinates. Thus we are required to correct for the relative offset between the PSUP and the AV,

and as we mentioned above this is something that can change from phase to phase.

Thankfully, we do monitor this effect using a sensor that tracks the position of the AV relative
to the reference frame of the PSUP. These measurements of the AV offset are then applied to the
reconstructed positions of events on a run by run basis. Fig. 4.9 shows the AV z-offset for each
run in the basic scintillator phase. The offsets in the x and y directions are negligible. While this
thesis attempts to always refer to the AV corrected coordinates as x, y, z, and r since we never

use the PMT relative coordinates, internally the this corrected radius is referred to using a “_av

subscript which may appear in some places.
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CHAPTER 5

Processing and Fitting of the Basic Scintillator Phase Dataset

As was discussed in Sec. 3.4, one of the benefits of the phased approach taken by the SNO-+
experiment is it allows for the opportunity to understand the detector at intermittent stages before
the Te phase. Importantly, the addition of Te to the detector will introduce a large 2v 6 background
that will dominate the low energy end of the energy spectrum. This means that the pre-Te addition
scintillator phase is our only opportunity to try and understand the backgrounds below that will

be swamped by the 2508 events.

This can be seen more clearly in Fig. 5.1, which shows the “singles data” from the entire Kamland-
Zen dataset [62]. The dominant background from 1 MeV onwards is the 2v30 decay of 13Xe, which
is their O3 isotope. Far below the 2v33 rate, one can find other backgrounds from many sources,
notably internal and external radioactivity and spallation products from cosmic muons. Many of
these backgrounds do not only sit under the 2058 spectrum, they also make some of the dominant

contributions to the 0v33 region of interest (ROI).

(a) SD —— Total —— 1*Xe OVBPR (90%C.L. U.L.)
10° Evssncssnas. - Total (OVBP U.L.) —— Xenon spallation products
—— B%Xe 2vPBB Carbon spallation + *"Xe
—— IB/External RI

Internal RI
Solar Neutrino ES + CC
—¢— Data

Events / 0.05 MeV
’—\
<

Visible Energy (MeV)

Figure 5.1: The backgrounds spectrum of events from the “singles data” part of the full Kamland-
Zen dataset. From [62].
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Now this begs the question — how can you say anything about the rate of the Ovgg events if
you have other events creating signals right where one expects to see the Ov 35 signal? Of course,
this isn’t a hopeless predicament, one can use strategies like coincidence tagging (see Sec. 4.3.1)
to constrain the rates of any backgrounds connected through a decay chain, and likelihood fits use
the distributions of the different backgrounds in parameters like energy and radius to differentiate
them from the OvBg signal. But one could always worry that perhaps there is some background
lurking under the 258 distribution of which we are not aware, affecting the fitted rate on the
Ov 35 signal in some way we do not expect. The only way to try and address these worries would
be to somehow peer below the 2v 35 background, allowing one to explicity check if the backgrounds

model in the ROI does indeed generalize to regions outside of the ROI.

While it’s not possible to differentiate the 2v83 events from all other backgrounds on an event by
event basis, the phased approach taken by the SNO+ experiment is one way to try and effectively
turn “on” and “off” the 2v53 background. By taking data before and after adding isotope to
the same scintillator, one can approximately measure what the backgrounds model looks like with
and without the 2v33 backgrounds. This is not a perfect approach since loading the isotope into
the detector is not a simple process — the optics of the scintillator change during Te loading
and backgrounds will be introduced, but this staged loading process does provide some additional

information that the un-staged process does not.

This chapter will discuss the expected backgrounds within the SNO+ detector in Sec. 5.1, and in
Sec. 5.2 we will discuss how one can use coincidence and event level cuts to remove large quantities
of these unwanted backgrounds. Additionally, in Sec. 5.3 we will introduce the fitting strategy used

in this work, both the form of the likelihood function itself and the code used to do the fits.
5.1. Backgrounds in liquid scintillator detectors

Even before we have filled the SNO+ detector with scintillator, we already can make an educated
guess regarding what backgrounds we can expect to see. While we go to great lengths to minimize
the backgrounds inside the detector, some contamination is unavoidable. Indeed, when the liquid

scintillator is purchased it will already be full of radioactive impurities which are reduced through
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cleaning procedures before it is put into the acrylic vessel. More information on the scintillator

cleaning can be found in [42].
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Figure 5.2: Left:

Uranium-238 decay chain. Right:
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‘ Isotope ‘ Mode ‘ Half-Life ‘ Q-value (MeV) ‘

‘ 238U ‘
234mpy B~ 1.17 min 2.28
2l4pp B~ 26.8 min 1.024
214B; B~ 19.9 min 3.272
2l4pg « 164.3 us 9.25
232Th
2B Ac B~ 6.15 hr 2.127
22Bi — 212po  (64.06%) | B~ | 60.55 min 2.252
212pg a 299 ns 8.954
212Bj — 20871 (35.94%) a | 60.55 min 6.207
208] A~ | 3.053 min 4.999

Table 5.1: The 238U and 23?Th decay chain isotopes, decay modes, half-lives, and Q-values for
decays relevant to this work.

The important radioactive isotopes for the work presented here are those in the ?32Th and 238U
decay chains. Since both of these isotopes are naturally occurring, they inevitably make their
way into the scintillator and due to the long lived nature of both ?32Th and 233U, they produce
essentially a constant rate of backgrounds through their respective decay chains. Both decay chains
can be seen in Fig. 5.2, and the isotopes contained within each chain are the dominant contributors
to the “IB/External RI” and “Internal RI” backgrounds in Fig. 5.1. The chains are complicated,
but fortunately there are only a handful of isotopes that end up producing decays over 1 MeV of

observable energy in the detector.

In the 238U decay chain, the important isotopes are 23*™Pa with a Q-value of 2.28 MeV which
produces a 3 with only very rare v emissions, 2'*Bi which has a Q-value of 3.27 MeV and produces
a 3 with intense «y emissions, and ?'*Po which decays via a 9.25 MeV « (which is quenched!). 219T1
is another seemingly dangerous background which has a Q-value of 5.48 MeV and decays via the
emission of a 3 with intense v emissions, but given its tiny branching ratio from 24Bi (0.02%) we
expect almost no contamination from this background in our detector, which is why it is omitted

from the table.

In the ?*2Th decay chain, 2!?Bi with a Q-value of 2.25 MeV can pileup with 2!?Po, due to the
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short half life of the Po, reaching energies up to ~3 MeV. These events are mostly removed by
the classifiers like ITR, but some occur in such quick coincidence that they cannot be removed,
creating one of the dominant backgrounds in the Te-phase. 28Tl is another important background
which sits above the Ov38 ROI that presents a major background for solar neutrino analyses under

5 MeV.
5.1.1. Externals

In addition to the radioactive isotopes inside the scintillator itself, another important class of
background are the externals, or events where a /v decay occurs outside the acrylic vessel but one
of the y-rays travels into the detector and Compton scatters an electron within the AV. While the
~-rays are typically attenuated on the scale of tens of centimeters in the water and scintillator, the
background rates in the AV, PSUP, and external water are high enough that the rare occurrence
of a ~-ray traveling meters before Compton scattering is not negligible. These events are a very

dangerous class of backgrounds for both the Ov33 and low energy ®B solar v analyses.

Fortunately, the external backgrounds do create a very particular signal in the SNO+ detector,
namely in their radial distributions. Even though we cannot say where an individual external y
will Compton scatter an electron, we do know that when we sum over many external events the
radial distribution of these events should follow an exponential distribution. This is why including
the radial position of an event as a dimension in the likelihood greatly improves our sensitivity, it

allows us to explicitly fit out the contributions of the external backgrounds.

The external backgrounds considered in this work include 2'4Bi and 2°%TI (as these are the only
isotopes with individual 7-rays over 2 MeV) in the AV, external water, hold-down ropes, and
the PSUP. The 2™Bi and 2°%T] externals from the PSUP are simulated according to an analytic
calculation of the expected rate in a shell closer to the AV than the PSUP in order to reduce the
number of simulated events required to generate an appreciable signal inside the AV. To make this
difference clear, we refer to the external simulations of events from the PSUP as the PMT beta
gammas, or PMTpg,,. Simulation is used to predict what the signal from these external backgrounds

should look like in the SNO+ detector, in the same fashion as what is done for the other internal
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backgrounds. A plot showing the different external backgrounds can be seen in Fig. 5.3.
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Figure 5.3: Results of the externals simulation for the external backgrounds considered in this
analysis.

Note that in the plot we are showing the simulations of the externals on the AV and the PSUP. The

simulations of the externals from the hold-down ropes and external water look practically identical

to those from the AV.
5.1.2. Background classes

All the potential background sources discussed in this section can be grouped into different “classes”
depending on what type of particle or particles are responsible for generating most of the collected
light. The light detected in a physics event is created either from electrons, protons, or alphas.
Gammas, neutrons, and neutrinos are all neutral particles so they do not produce scintillation light
directly as they propagate through the detector. But of course, we are still able to detect these

neutral particles through their interactions with charged particles in the scintillator.

For neutrons, protons recoiling off of the neutron as it thermalizes will often produce detectable
amounts of light and then the neutron will capture on hydrogen (~99% of the time) or carbon
(~1% of the time) which then de-excite by emitting 2.2 MeV or 4.95 MeV +, respectively. As
mentioned before v-rays also do not produce scintillation light but at the MeV scale energies which
we are interested in, the y-rays will Compton scatter electrons which do produce scintillation light.

Neutrinos create light within the detector in much the same way — neutral current or weak current
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interactions will scatter electrons in the detector, creating detectable bursts of light. Additionally,
U can interact weakly with protons in the detector to create neutrons and positrons, where the
neutron can be detected through the process above, and the positron creates light as it propagates
since it is charged, and then also produces two y-rays with total energy ~1 MeV when it annihilates

with an electron in the scintillator.

The radioactive isotopes in the SNO+ detector typically emit (8s, s, a combination of s and ~s,
or as. For the analyses presented in this work there are no pure a backgrounds as they are all
quenched and produce electron equivalent energies less than 1.5 MeV. As was briefly mentioned in
Sec. 4.2.3, we do have the ability to statistically differentiate the signal classes from one another
due to the differences in both their hit time residual distributions and energy distributions. Fig. 5.4

shows a few of the relevant backgrounds in the SNO+ backgrounds model.
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Figure 5.4: Energy (left) and ITR (right) distributions of some relevant backgrounds to this work.

The *"Pa and ®B are both pure (or nearly pure for the 23¥"Pa) 3 signals, but the 8B events
fall in a much broader energy range than the 23*™Pa events making the ITR distributions slightly
narrower while the means remain close to one another. The reason for this is that ITR is slightly
correlated with energy, making higher energy events have slightly narrower ITR distributions. The
234mPa is also a B decay with a Q-value of 2.28 MeV, and the lower energy limit of the histogram

in Fig. 5.4 is 1.5 MeV which is why we only see what looks like an exponentially decaying tail.
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208T] and 2!Bi on the other hand are 3/v events, meaning the radioactive decay consists of a 3
emission followed by very prompt (~picosecond) v de-excitations. As was discussed in Sec. 4.2.1,
since photons are produced by both the electron emitted from the decay, as well as by the Compton
scattered electrons from the de-excitation +s, the hit time residuals of these 3/ events are typically
more spread out leading to I'TR distributions biased towards lower values. This is also not a binary
effect — depending on the relative intensities of the initial 8 and the de-excitation ~-rays the ITR
distributions will shift around. The multi-particle nature of the 3/ decays also leads to interesting
energy distributions, which look like spread out v peaks. To understand these energy distributions
one must remember that the y-rays produced in the SNO+ detector by internal backgrounds are
essentially all entirely contained at the FVs we are interested in, so the 8 and v energies add
together in a single event. The resulting shapes of the /v decays are therefore something like
“smeared” ~ distributions, where the constant energy of the ~ defines the mean of the resulting

distribution and the Q-value of the 3 defines how much smearing there will be around that mean.

The last type of event shown in the plots are the pure ~ events, which are the events in the
histograms labeled as “n-captures (H or C)”. 4-rays emitted in a particular decay will always have
the exact same energy due to energy conservation laws, so the resulting energy distributions are
just Gaussians centered at the true value, where the width of the Gaussian comes from the energy
resolution of the detector. Interestingly the I'TR distribution of the pure v events sits in between the
pure 8 and [/~ histograms. The reason for this is that the v itself does not emit any scintillation
photons, so a v can look identical to a § if it converts all its energy in the first Compton scatter.
But the distributions are not identical because the v can and does sometimes Compton scatter

more than 1 electron as it travels through the detector, making it look more like a /7 event.
The ability to use energy and ITR to distinguish between different types of backgrounds classes
will be an extremely important piece of this analysis.

5.2. Cuts and coincidence tagging

Many event level cuts and coincidence tags are applied to the data to remove unwanted backgrounds.

For both the O3 analysis and the low energy 8B analysis, we expect no coincident events with our
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signals, meaning that coincidence cuts are an effective way for us to maximize our signal to noise
ratio. Therefore, distinct from the 2'“Bi?'*Po tagging discussed previously, the tagging cuts used
here will all be very loose to try and remove as many coincident backgrounds as possible rather

than select pure sample of the coincident events themselves.
5.2.1. Event level cuts

First we will discuss event level cuts. These are cuts that can be applied without any reference to

other events in the detector, like cuts on energy, ITR, or other quantities.

Cut Cut value

Data Cleaning Pass

Valid Fit True

Radius r<45m

Energy 1.5 < E < 5.0 MeV

ITR 0.15 < ITR < 0.35

B14 -0.1 < B4 < 0.04
necknhits necknhits ==
posFOM /nhitsCleaned | 11.5 < posFOM /nhitsCleaned

Table 5.2: Typical cuts used to select events in the scintillator phases.

Table 5.2 presents the cuts used to select the events that are included in the likelihood fits presented
in the final results of this chapter. Sometimes it is helpful to change the values of the cuts to look
at different selections of events, and it will always be made clear when this occurs. Also note that
these cuts are not the cuts that maximize the sensitivity of any signal. Since likelihood fits, which
fiducialize automatically, are used to extract the rate measurements we just need to be sure that

our cuts include the regions where we have the most sensitivity.

The data cleaning cut mentioned in Thl. 5.2 is responsible for removing muons as well as events
following within 20 seconds after a tagged muon. Additionally, this cut removes many of the

instrumental backgrounds present in the SNO+ detector, including things like flashers.
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5.2.2. General coincidence tag

The general coincidence tag is a cut that is essentially just a generalization of the cut used in
Sec. 4.3.1, but with very loose prompt and delayed cuts to try to remove any events that have some
kind of coincident signature. Most of the ~2 kHz of events we record in the SNO+ detector are low
energy C decays or 2'°Po decays on the AV surface. This means that for any given event in the
energy range given in Thl. 5.2, we should expect essentially no events within a window of a few ms
and within about a meter of the event, unless it is some kind of coincident background. Aside from
removing 214Bi?'*Po events, this general coincidence tag will also remove reactor 7 events which

have a coincidence between the prompt positron annihilation and the delayed neutron capture.

Cut Delayed Event
Valid Fit Any

Data Cleaning Any

Radius r<55Hm
Energy 0.75 < E <16 MeV
At At < 2.5 ms
Ar Ar <15 m

Table 5.3: Coincidence criteria for the general coincidence tag.

The cuts used to select the coincident pairs can be found in Tbl. 5.3. Note that the table only
shows the cuts applied to the delayed event since we try to tag every event that passes the event

level cuts shown previously, which defines what constitutes a prompt event.
5.2.3. Atmospheric U tag

While the atmospheric v rate is expected to be very low in SNO+ and the energies deposited in the
detector by their interactions are far above our upper bound energy cut (7 MeV), each atmospheric
interaction can spawn multiple neutrons whose capture on Hydrogen creates a 2.2 MeV ~, which
can enter our ROI. Therefore it is necessary for us to remove these events, which can easily be done

with the coincidence tagging criteria presented in Tbhl. 5.4.
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Cut ‘ Prompt Event

Nhits | 3000 < Nhits
At At < 5 ms

Table 5.4: Coincidence criteria to remove followers of atmospheric U events.

Note that this cut is applied backwards in time from a given event that passes the event level
cuts. This is because this cut is for situations where a high-energy atmospheric interaction creates
neutrons or other products which then cause interactions that do enter our ROI, such as neutron
captures on Hydrogen. Again, the table only shows the cuts applied to the prompt event since
we try to tag every event that passes the event level cuts shown previously, which defines what

constitutes a delayed event.
5.2.4. Hot-spot cuts

Multiple hot-spots were identified during the scintillator phase, where a hot-spot is a location in
the detector that appears to be intermittently creating intense flashes of light. These events can
be tagged based on their location, the particular shape of their hit time residuals, and the distinct
topology of the illuminated PMTs. While the events corresponding to the flashes themselves do
not pass the event level cuts we apply, they can often be followed by many subsequent “ringdown”
events caused from reflections as well as electronics noise due to the intensity of the flash. Since the
hot-spots are always reconstructed to the same locations in the detector, we can be sure to remove
all the ringdown events by vetoing a small window of time after hot-spot events. The coincidence

cuts which accomplish this are listed in Tbl. 5.5.

Cut ‘ Prompt Event Cut ‘ Prompt Event
Nhits | 3000 < Nhits Nhits 3000 < Nhits
X 500 < x < 900 X 0 <x <500
y -900 <y < -500 y -1250 <y < -800
Z 5500 < z Z 5500 < z

At At<1s At At<1s

Table 5.5: Coincidence criteria to remove followers after flashes from the hotspots.
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5.2.5. Dataset livetime and cut efficiencies

As has been mentioned, the dataset used in this analysis is the basic scintillator phase dataset
of SNO+. The livetime of the dataset is 237.4 days. The expected signal efficiencies for all the

background included in this analysis based on the cuts discussed in this chapter can be seen in 5.6.

‘ Background Efficiency
Ac228 0.127
Alphan Lab 13c Delayed 0.380
B8 Solar Nue High 0.125
B8 Solar Nue Low 0.0607
B8 Solar Nue Mid 0.048
Bi214 Av 3.25x107°
Bi214 Exwater Shell 5.75x1076
Bi214 Hdropes Shell 2.45x107°
Bipo212 0.0124
Bipo214 0.00064
C10 Scint 0.377
C11 0.06
Cno O15 Solar Nue 0.0001
Pa234m 0.033
Pb211 9.07x10~7
Pep Solar Nue 4.40%x107
Pmt Betagammas 0.0014
TI1207 1.52x107°
TI1208 0.37
T1208 Av 0.00015
T1208 Exwater Shell 3.27x107°
T1208 Hdropes Shell 0.00014

Table 5.6: Cut efficiencies for the various signals expected in the SNO+ dataset, calculated using
the MC. It can be seen that externals and 2'“Bi and 2!2Bi events are effectively removed by the
cuts relative to signals like the 8B solar neutrinos.

5.2.6. Data tagging and processing software
Perhaps in a slight deviation from other large collaborations, a rite of passage for SNO+ analyzers

is to develop their own event processing and tagging code. I am no exception.

A codebase to carry out the event tagging was developed, with special care taken to efficiently

process the datasets in parallel and to keep track of the event level and coincidence cuts in some
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convenient way. The code is written in C++, which is partially due to performance considerations,
but also due to the fact that the SNO+ datasets are all stored as ROOT ntuples [63], which makes
it less convenient to use languages other than C++ or python. Aside from having to link against
the monolith that is the ROOT ecosystem, another goal during the development of the processing
code was to minimize the number of dependencies in an effort to maximize simplicity. As of now,

the code only has two dependencies, ROOT and yaml-cpp [64].

Early on in my experience as a graduate student, it became clear that most of the bugs in my
software stemmed from poor bookkeeping. Even more frightening, poor bookkeeping could lead
to hidden bugs, meaning bugs which do not prevent code from compiling or running, but rather
manifest down the line during higher level analysis. Bugs of this type are unacceptable, especially
when one considers that the perfect bookkeeping device is the very thing that is executing the code,

the computer.

Thus, a great deal of effort was spent trying to write the processing code in such a way that all the
state is separate from the code and localized as much as possible, making it much easier to reason
about what the code is doing. This main way in which this is accomplished is all the information
that defines the files to be processed, the cuts to be applied, the information extracted from the
events, etc. are all defined within configuration YAML files which are supplied to the executable
at runtime. This means adding or changing a coincidence cut, writing out additional information
from events, or adding in a new set of simulation files to process can all be done without editing

the code at all.

Much effort went into profiling the code to make it as fast as possible, and it was discovered that
with a naive approach where every single thread read from a file and processed events, the majority
of the running time of executable was spent on waiting on read requests over the NFS mounted data
drives. Furthermore, the default behavior of the ROOT TTree: :GetEntry methods were causing
frequent read requests over the NFS mounts. Based on the documentation of the TTree class, it
appeared that there should be a way to force the first call to GetEntry to cache the entire TTree

in RAM rather than going back over NFS to load more entries, but none of the options seemed to
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guarantee this behavior.

Instead, the best approach seemed to be using low level IO calls to force a full file to be read
into memory with only a single syscall, and then use the TMemFile class to read the raw buffer as
a file rather than interfacing with the standard TFile class. The optimal setup ended up being
a combination of three threads which continuously reading the contents of ROOT files using the
technique discussed above, and then using the rest of the cluster’s capacity (~57 additional threads)

to do the actual processing of the events in the files.

Since SNO+ processes the data and simulation such that the structure of the resulting output files
are identical, the analysis code discussed in this section is ran over both the simulation and data.
Only particular simulations are set-up to generate coincident events, namely the 2'Bi and 2'?Bi
event generators, and these coincident background simulations are all ran through the analysis code

and the coincidence tagging logic in the same way as the data.

The non-coincident background simulations are also ran through the analysis code to trim the
simulation results since we only care about events over ~1 MeV of energy within the 5.5 m FV.
This makes the disk space taken up by the production datasets smaller and easier to work with.
Another important use of the background simulations is to estimate our efficiencies and sacrifices of
the backgrounds, including effects of the coincidence tagging logic. This means that the trimming
functionality of the analysis code mentioned above must also take into account the effects of the
trimming, which is all handled through meta information tracking that is generated by the analysis

code and consumed by the fitter that will be discussed imminently.

The codebase is hosted on GitHub in a private repository, but access can be granted to any interested
individuals.

5.3. The likelihood function

Following the application of the coincidence tags and event level cuts, we are left with some collec-
tion of events, created by internal radioactive decays, external radioactive decays, solar v interac-

tions, reactor ¥ interactions, etc. Essentially both the low energy ®B v flux measurements and the
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Ov 35 lifetime measurement can be made by counting the events which we believe are attributable
to these signals, but how can we tell if an event is a solar event rather than an internal radioactive

decay?

This is accomplished using the likelihood function, see Sec. A.1 for an in depth discussion and
introduction. The general idea behind the likelihood function is that if one knows the types of
events produced by each of the expected signals, one can calculate the combinations of these
signals that is most likely to have generated the events contained in the data. By “type of event”,
we mean the defining features of a given event, like energy, position, ITR, etc. and the different
signals are the various processes that produce events in the detector, like radioactive decays and
neutrino interactions. Constructing the likelihood function requires that we know the features from

each of the signal classes we want to consider; for this we can use simulation (Sec. 4.1).

When we construct the likelihood function, we want the dimensions of £, conversely the dimensions
of the data points we feed into the likelihood zx;, to be the parameters in which we have the
sensitivity to differentiate the backgrounds from the signals we are most interested in. Typically
these dimensions are energy and radius — energy is how we are able distinguish most radiological
backgrounds from more interesting signals and radius allows us to differentiate events originating
from within the detector to those originating from regions outside the inner surface of the AV.
When two signals are hard to differentiate using energy alone, and they are also different particle
types (i.e. a pure 8 vs a 3/7), we can either fit in or cut on a classifier like ITR to try and increase

our signal to noise ratio.
5.3.1. Deriving the likelihood function

To state precisely how the different signals factor into our likelihood function, we first define joint
probability distribution functions (PDFs) for all the signals based on our results from simulations,
which we can call p; where j runs over all the signals. Each p; is a function in the dimensions we
want to fit in, energy, radius, and at times I'TR as well. We then calculate the resulting combined

distribution by adding together the individual PDFs along with arbitrary scalings for each of the
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signals. We can write this in terms of the signal PDFs p; and the signal normalizations N; as
V= Njpj (5.1)
J

where ¢/ is the combined distribution.

In this work, we always are using a binned likelihood approach, which means PDFs are discrete
weights at different bin centers. Note that 7" defined above is the counts per bin width. For reasons
we will understand in a second, it is also useful to define a quantity in terms of the raw counts per

bin T as

V; = Zijjiwi (52)
J

where w; is the volume of bin ¢ and v; means the contents of the histogram v at bin . Now we
can think of v as a prediction of the counts in each of the bins, which can be interpreted as a
mean value A of a Poisson distribution. This makes computing the likelihood simple. Recall that
by definition the likelihood is the probability of observing the data x given the parameters of our

model 6 and some PDF. Since we know the per bin counts are Poisson distributed we can write

Ci

£(l0) =] Yi v (5.3)

C'i!

where ¢; is the data counts in bin i and § = (Ny, No, ..., N) is the different normalizations of the k

signals. Taking the log of this function and dropping the terms which are constant we finally have

In[L(x]0)] = Z —v; + ¢ In(v;). (5.4)

5.3.2. Priors and constraints

In likelihood fitting, we often have a general idea of the values of some of the fit parameters prior
to factoring in any of the data being fit. We can see a natural way to include this information if

we take a Bayesian approach (see Eq. (A.4)); we know that the posterior is proportional to the
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product of the likelihood and the prior

p(0) ~ L(x]0)7(0). (5.5)

Any knowledge regarding the value some parameter should take can be encoded into the prior. In
this work, the priors are always Gaussian terms, where the mean and sigma of the Gaussian encode
the value that we think is most likely and how confident we are in that most likely value. If we
consider the log of the prior, for Gaussian terms on each parameters we have

(6 — )

—In[mi(6:)] = — 55— (5.6)

2
207

where ¢ runs over the fit parameters with constraints, and u; and o; are the mean and standard

deviations of the fit parameter.

Given our Gaussian prior terms, we know the priors are separable, i.e. that 7(0) =[], m(6;), or in
other words all the priors are uncorrelated. Therefore to calculate the posterior, p(f|x), the prior

term can be added to the log-likelihood:

In(p(z)) = In(L(z]0)) + In(7(0)). (5.7)

This is essentially consistent with approaches which include an auxiliary term into their likelihood
which comes from another likelihood function £(y|6’) where y is a separate dataset and 6’ C 6 is a

subset of the parameters that the dataset y constrains.

The parameters for which we are interested in including these constraints includes both the back-
ground normalizations and the systematic parameters.

5.3.3. Systematic parameters and constraints

Another common situation in likelihood fitting is working with PDFs which do not perfectly capture

the data we are attempting to describe. In those circumstances, it is convenient to float systematic
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effects in the likelihood, or fit parameters distinct from the normalizations in that they encode
an effect that changes the shapes of the PDFs themselves. These are usually effects like shifts,

Gaussian convolutions (which are typically called smears), and scales.

Systematic parameters do not necessarily appear directly in the likelihood function, instead the
PDFs are implicitly functions of the systematic parameters since they change the value of the
likelihood function for a specific point € through their effects on the PDFs. But it often is helpful
to include a term into the likelihood that does explicitly depend on the systematic parameters to
prevent them from transforming the PDFs in ways we know are not realistic. A natural way to

include a term of this nature is to use priors.

To inform the choice of priors, we can use tagged 2'“Bi events (Sec. 4.3.1). While we do apply
correction in energy and ITR as described in Sec. 4.3.3, there are still small global differences in
the distributions seen in data and predicted by MC. The systematics we elect to include for the
energy dimension include a scale and smear, and for ITR we include a shift and a smear. The details
of how the shift, scale, and smear systematics are applied will be discussed in section Sec. 5.4.3,
but for now one can just think of the scales and shifts as a scale and shift of the datapoints being
loaded into the histograms. The Gaussian smear can be thought of as a convolution between the

PDF and a Gaussian centered at zero with the standard deviation set to the systematic value.
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Figure 5.5: Left: Energy marginal of systematic constraint fits. Right: ITR marginal of systematic
constraint fits.
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The fits used to find the constraints also employ the same likelihood approach previously discussed
in this section, except there are no constraints applied to any of the parameters and there is no
parameter floated for the number of 214Bi events since we are assuming the events in the dataset
are only from that signal class. During fitting, the systematics are then applied to the PDFs of the
214Bj events and the shape of the likelihood space gives us the mean and standard deviation to use
for the priors on the systematics. The results of the fit can be seen in Fig. 5.5 and the resulting

posterior profile curves (Eq. (40.41) [14]) can be seen in Fig. 5.6.
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Figure 5.6: -2InL profile curves for the systematic effects considered in this analysis. A represents
a scale, § represents a shift, and o represents a smear. The numbers in the legend are the mean
and standard deviation derived from a quadratic fit to the likelihood profile points.

The resulting mean and standard deviation extracted from the quadratic fit in the log-likelihood

space is used to set the Gaussian prior on each of the systematic parameters. While each systematic
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is clearly not a perfect Gaussian, we consider this effect to be a “systematic on a systematic”, or a
higher order effect to which we are not very sensitive. Note that in general the errors in the legends of
plots may not agree with the errors extracted from nested sampling posteriors or posterior profiles.
The reason for this is the errors in the plot legends come from numerical estimates of the Hessian
at the minimum in the log likelihood space, which allows us to approximate the correlation matrix.
This is just an estimate though, and the estimates from the posterior profiles or the posteriors

themselves will be more accurate, especially when the posterior is not Gaussian.
5.3.4. Background rate constraints

As we saw in Sec. 5.1, many of the radiological backgrounds present in the SNO+ detector are
pieces of the same decay chains. For decay chains where each of the intermediate isotopes are short
lived, where short lived is relative to the timescale of the datasets (O(weeks)), the rate of one part
of the chain informs the rate on all the other parts of the chain. Since the coincidence 2'Bi%!*Po
and 2'2Bi?'2Po backgrounds can be tagged to provide a pure sample, using the number of tags
and our tagging efficiency we can obtain an accurate estimate of the total number of these nuclei
in the detector. This estimate of the concentration of the coincident isotopes can then be used
as the concentration of the entire radioactive chain itself since all backgrounds must be in secular

equilibrium.

Fig. 5.7 shows the g/g concentration of 3¥U and ?*?Th throughout the basic scintillator phase
based on the rate of tagged coincidence events from each chain. We can calculate the average g/g
concentrations for the entire time range by averaging all the datapoints in Fig. 5.7, which gives a
238U g/g of 6.2040.13 and a 232Th g/g of 7.5340.72. Using this g/g concentration, we can predict
the number of decays we expect from all the backgrounds belonging to each of these chains, which

are the isotopes listed in Tbl. 5.1.

In addition to using the g/g concentrations to constrain certain rates, cosmogenic backgrounds
can be constrained based on the generation of muon induced spallation backgrounds in other
similar experiments. For example, Borexino [66] is not nearly as deep as SNO+ and used the same

primary scintillator, meaning that we can use the measured production of cosmogenic backgrounds
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Figure 5.7: Top: The g/g concentration of 2**U based on the rate of tagged 2*Bi?!*Po events.
Bottom: The same but for 232Th based on the rate of tagged 21?Bi?'?Po events. Both images
courtesy of G. Milton [65].

in Borexino, scaled down by some factor to account for our increased depth, as our expectation for
the cosmogenic backgrounds in SNO+. Similarly, we can use measurements from other experiments
to constrain the rates of solar v events of all kinds, aside from situations in which we are interested

in making measurements of the solar v flux ourselves.

The final place from which we constrain rates in our detector is from analyses that measure signal
rates in correlated but distinct regions of the detector. For example, the rate of external events
increase exponentially as we move out towards the edges of the AV and the PSUP. During the water
phase, a measurement was made of the external backgrounds using various cuts to select external

events of different types [57]. The results of these measurements are used as input constraints of
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the external backgrounds in the fits. In addition to these prior constraints, we also explicitly fit
in the radial dimensions to use the high r regions where the externals dominate to constrain low r

regions where we expect the externals to be almost entirely attenuated.

Finally, putting all this information together results in Tbl. 5.7, which shows the expected rates

and the error on that rate from all the relevant signals.

‘ Background ‘ Rate [counts per year] ‘ Uncertainty ‘
Ac228 7,521.00 VN
Alphan Lab 13c¢ Delayed 22.30 VN
B8 Solar Nux 1,151.75 VN
Bipo212 7,521.00 VN
Bipo214 18,979.00 VN
C11 895.00 VN
C10 Scint 18.00 VN
Pa234m 18,979.00 00
TI1208 2,707.00 VN
TI207 136,018.00 VN
Ph211 136,018.00 VN
Pep Solar Nue 7,800.00 VN
Bi214 Av 2.7 x 108 8.2 x 109
Bi214 Exwater Shell 2.0 x 107 00
Bi214 Hdropes Shell 5.7 x 10° 1.7 x 106
TI1208 Av 3.2 x 10° 9.6 x 10°
T1208 Exwater Shell 8.6 x 10° 00
T1208 Hdropes Shell 3.3 x 10° 9.9 x 10°
Pmt Betagammas 7.6 x 10* 8.4 x 104

Table 5.7: Full volume pre-cut rates per year for the expected backgrounds in the basic scintillator
phase. Columns where the uncertainties are left blank signifies that the uncertainty used in the fit
is the Poisson error of the predicted rate after applying all cuts and a livetime scaling, or in other
words the error on the rate shown here is small relative to the post-cuts Poisson error. For columns
with uncertainties, the error is propagated into the uncertainty on the background normalization
fit parameter. 23¥"Pa has an infinite error since the rate might not be in equilibrium with ?'“Bi
tagging results because of long lived isotopes seperating the bottom and top of the 238U chain.

5.4. Fitter

snopfit, the program used to carry out the likelihood fits shown in this thesis, is a completely custom
codebase written for this particular analysis exclusively by the author. Everything is written in the

Zig programming language, which is a systems programming language intended to be a modern
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version of C. Zig provides much of the hardware level control provided by the C programming
language, with many quality of life changes that significantly improve the programmer’s experience

relative to a language like C.
5.4.1. Why Zig?

When deciding what language to use to write the fitting program used in this analysis, the languages
considered included Python, C, C+4, Rust, and of course, Zig. Zig was deemed to be the best

option for a number of reasons.

For one, since Zig is a systems level programming language, it can be as fast or even faster than
C in some scenarios. This is distinct from Python, which is often much slower than lower level
languages due to its high level syntax. While one can program Python in a way that will result in
performance closer to C’s (like using numpy and vectorized operations), it forces you to program
in a certain way that might not always be convenient. Additionally, Python being a dynamically
typed language can make large projects very complex as one must mentally track which variables
are allowed to be which types, something that statically typed languages will do automatically
at the cost of convenience. Python does support type hints now, but it is still no-where near as
informative as a truly statically typed language. It is worth mentioning that the snopfit package
uses Python and Matplotlib [67] for all of its postfit processing and plotting code, which has been

a perfect fit.

While Zig is as fast as C, Zig tries to also provide some tools to make the language more memory safe,
making it easier to avoid and find bugs that either leak memory or cause crashes at runtime. These
tools include things like the DebugAllocator, which serves as an interface to request heap memory
from the host system like C’s malloc, but it will also track allocations and deallocations so that
it can notify the user of mismanaged memory — and this exists in the standard library. Another
important feature of the Zig programming language is its first tier support for C interoperability.
Zig can compile and link against any C library since the Zig compiler can also function as a C
compiler and transpiler to Zig code. This makes pulling C libraries into one’s Zig project usually

something that takes only a few minutes.
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Another benefit of Zig over C is comptime or compile time support, which allows one to write Zig
code that is evaluated at compile time rather than runtime. Zig’s compile time supports generics,
which means that types can be left undetermined in certain situations, and the Zig compiler will

automatically deduce the correct type signatures to use for variables based on context in the code.

A simple example where this is helpful is for implementing a function that takes the maximum
of an array. In Zig, one can only write this function once using generics, and then any type that
supports ordered comparisons can use this function. In C one would need to explicitly write this
function for every type, or use some macro tricks to force the compiler to generate functions of the

correct type signatures during compilation.

One might point out that the other two options mentioned, C++ and Rust, both have all the
benefits that we have mentioned so far regarding Zig. While that is true, Zig also has something
that C++ and Rust do not have; simplicity. Zig is a programming language that prides itself on its
simplicity, one of the main features of the programming language is that there is “no hidden control

)

flow”, meaning that the only way for a function to be executed is for the function to actually be
called within the code. Rust and C++ on the other hand have things like operator overloading
which by definition results in function calls without explicitly calling a function. For example, a

line of code that sets two structs equal to one another in Rust and C++ might do many different

things since the = operator can be overloaded — Zig intentionally does not support this.

Another benefit of no hidden control flow is that allocations should never be “hidden”. Allocators
take center stage in the Zig programming language, and in the standard library any function that
can allocate memory will require an Allocator to be passed in as a function argument, making
the allocation clear and also hinting at ownership semantics. Furthermore, the zig standard library
supports higher level Allocators like ArenaAllocators, which makes pre-caching and overwriting
of buffers that are required for calculations occurring repeatedly much easier to keep track of. The
use of ArenaAllocators in snopfit allowed for calculations of the likelihood to be allocation free,

even when including things like systematic effects.
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Why does this discussion on hidden control flow and hidden allocations matter to a physicist
though? Well for one, these conventions make it much easier to reason about the code. One never
has to wonder about what overridden class’ method is being called at runtime, which itself might
also be an overridden operator, the execution will always follow the exact step by step instructions
the code provides. This makes debugging much easier and faster. Furthermore, allocations in
general are very slow as they require a system call to request more memory from the host system,
something that takes orders of magnitude more time than operations like addition or subtraction.
Often times allocations in hot loops can be one of the main causes of performance issues, and this is
something I had programmed for years without knowing. Of course, one can write languages with
hidden allocations in a way that will minimize allocations, but Zig pushes all of that complexity to
the forefront of the programming language forcing one to think about these considerations during

development.

Perhaps the best way to explain the benefits of programming in Zig is that it requires an under-
standing of computer hardware itself, whereas programming in other languages like C++ or Rust
require an understanding of the semantics and abstractions of that specific language on top of also

needing to understand of the underlying hardware.
5.4.2. snopfit dependencies

Similar to the analysis package discussed in Sec. 5.2.6, a development goal of snopfit is to try and
minimize the number of dependencies required by the codebase. For one, this makes deploying
and updating the software much easier since the number of versions one needs to keep track of is
minimized. This also helps keep the complexity of the codebase small, since in principle all the
code in snopfit should have a clear purpose. Furthermore, minimizing dependencies requires one to
maintain a deep level of understanding of the analysis being performed since there is no abstraction

that removes complexity.

Of course, there is a cost benefit analysis to be done when deciding whether or not to pull in
a dependency. As such, snopfit does depend on GSL [68], zig-yaml [69], tinyexpr [70], and the

C HDF5 library [71]. GSL handles all the matrix math needed for calculating inverses and also
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functions for sampling distributions like the error function. zig-yaml handles the parsing of the
YAML files used to configure snopfit at runtime. tinyexpr evaluates mathematical expressions
allowing the configuration files to include cuts which themselves include arithmetic operations.
Finally, the HDF5 C library is used for all the file IO, which is possible as SNO-+’s ROOT ntuples
are all converted from ROQOT files to HDF5 files using a helper script. Technically we also pull
in 11fit_zig [72] repository as a dependency which handles the likelihood calculation, but this

repository is also a solo project of mine so I do not consider it an external dependency.
5.4.3. Application of systematics

The most naive approach for handling the shift, scale, and smear systematics applied to the PDFs
during the fitting process would be to apply the systematic effects directly to the points loaded into
the PDF. The issue with this approach is two-fold, for one it can be slow for PDFs that load many
datapoints into many bins, since each iteration of the fitter requires re-binning of the PDFs. Perhaps
more importantly, though, is if we applied the smear systematic by adding normally distributed
random values to the points used to construct the PDFs, the likelihood function becomes inherently
random itself since each evaluation will lead to slightly different PDFs. This is undesirable as
deterministic likelihood functions are often easier to work with, one reason being due to our reliance

on minimizers to find the maximum of the likelihood function

The following paragraphs explain the specific approach used in this work to apply the systematic
transformations. Note that references to the PDFs or histograms in following discussion imply
1D histograms or PDFs. Since we do fit in N-dimensions in this work we need to also apply
these systematic effects to N-d PDFs, but this can be accomplished by simply applying the 1D
transformations discussed below to every 1D slice in a given dimension of an N-d PDF. This is a
well defined procedure since we do not consider correlated scale, shift, or smear systematics, which

means that the same transformation is applied to every single 1D slice.

Rather than adding random values to the datapoints themselves, the smear is instead defined as
a convolution directly with the binned histograms where the kernel is a Gaussian centered at zero

with standard deviation set to the fit parameter representing the smear. Furthermore, during the
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Gaussian convolution a finely binned interpolated histogram is used to represent the PDF, and
then neighboring bins are then recombined to map the convolved PDF back to a PDF that uses the
original coarser binning. The reason for this re-binning is it allows for convolutions to be applied
that have much smaller standard deviations than the bin sizes, which is an important use case in

our fits since the smearing systematics can be small on the scale of our bin widths.

Applying the smear systematic as a convolution makes it slightly more difficult to apply the shift
and scale systematics though, as it is convenient to maintain a consistent approach in how the
systematic effects are applied and there is no obvious way to scale or shift a histogram by sub-bin
amounts. The fitting program developed for this analysis instead linearly interpolates along the
bin centers and bin heights of the PDFs to implement these systematics. Specifically, the domain
of the linear interpolation, which is the bin centers, is transformed according to the desired shift
and scale, and then the interpolation is evaluated at the transformed bin centers, which essentially

shifts and scales the binned PDFs in a continuous fashion.

Fig. 5.8 shows the posterior profiles of the systematic parameters in fits to simulated 2'4Bi events
who have had their energy and I'TR distributions scaled, shifted, and smeared relative to the MC
truth. The transformations applied to the datapoints in the figure are the naive versions of how the
scale, shift, and smear systematics are applied in the fit. Namely the energies of the points are all
multiplied by 1.1 to simulate a global energy scaling, the ITRs of all the points are shifted by 0.001,
and both the ITR and energies of the 2'4Bi events are smeared by adding samples from a normal
distribution centered at zero with standard deviations of 0.01 and 0.03, respectively. As can be seen,
the fitter is very close to picking out identical values to those used in the naive transformations,

with some small biases present.

While having the fitter pick out the exact values used in the naive transformations would be nice,
the only requirement is that the fitter must be able to recreate the dataset in the PDFs through
applications of the sysematics. In fact, there is no reason one would expect to perfectly fit out
the values used in the transformations discussed in the last paragraph given that the systematics

operate on the binned PDFs, which is completely distinct from the operations applied to the ITR
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Figure 5.8: Posterior profiles of the systematic parameters when fitting to a manually transformed
version of the PDFs used in the fit. The values used in the transformations are Agpergy = 1.1, d1TR
= 0.001, OEnergy = 0.03 MGV, and OITR — 0.01.

and energy coordinates themselves to make the validation dataset. It can be clearly seen that this
can be done in Fig. 5.9 as we see the residuals are very small once the systematics are applied at

the values obtained from the MLE.
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Furthermore, the scale of the biases present are still only percent level effects, and percent level

effects on top of systematic effects are typically ignored since they should have a very small impact



on the results.

It is also worth noting that snopfit supports what are called “buffer bins” or bins that do not affect
the likelihood calculation but probability is allowed to flow from the buffer bins into other bins
during the application of systematics. This is important for situations where large smears, shifts,
or scales are being applied, since not including these bins can lead to artifacts at the edges of the
PDFs. Maybe the clearest example of this effect is Gaussian smearing near the edges of a PDF.
Since the Gaussian is symmetric, one can think of a convolution with a Gaussian kernel as removing
probability from a bin and replacing it with equally weighted probability from the bins above and
below it. If we are smearing the first bin of a PDF though, we can see that only the bins in the
forward direction can contribute probability to the first bin, leading to an effect that biases bins

near the edges of a PDF to lower probabilities. The buffer bins fix issues like this.
5.4.4. Runtime fitter configuration

Given the inherent complexity involved in this analysis, it can quickly become difficult to manage
all the files, cuts, corrections, etc. that which are inputs into the fitter. To try and manage all of
this state, snopfit supports runtime configuration of the fitter through YAML configuration files.
An example of the YAML configuration file that defines the fits used to extract the systematic

constraints from tagged 2'*Bi events can be seen in Appendix D.

As can be seen in the example YAML file, snopfit supports defining the dimensions, files, corrections,
systematics, cuts, and more to be used in a fit. This means that changing cuts, adding backgrounds
to a fit, and adding a dimension to the fit can all occur without editing the snopfit source code.
This also makes managing different fit scenarios very simple, each fit scenario can exist in a separate

YAML file and one can specify whatever configuration file they would like to use to define the fit.

The cut string processing uses custom written code that converts the string into an abstract syntax
tree (AST). The tree is walked to find all the event fields that need to be loaded from input files
to evaluate the cut string. Additionally, the cut strings also support arithmetic combinations of

parameters, for example posFOM/nhitsCleaned > 11.5. During the parsing of the cut string, the
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code keeps track of which nodes of the AST will require the evaluation of arithmetic expressions,

and then passes those nodes through tinyexpr when the cuts are being applied.

Another nice functionality provided by snopfit is the ability to define the corrections to apply the
simulations within the configuration files. The corrections files are just json files where each entry
in the json file defines a separate correction. Using tinyexpr also allows the way the correction
is applied to be defined at runtime, so corrections can all use the same interface regardless of
the specifics of how it is applied to the events. Perhaps the largest benefit, though, is that the
corrections are applied every time files are loaded into the analysis which avoids the need to pre-
process files through scripts that apply the correction, cutting out an error prone analysis step.

This is how both the energy and ITR corrections are applied to the MC and data in this analysis.
5.4.5. Tracking cut efficiencies

One additional advantage of including the cuts in the configuration files is that we can keep track
of all the signal efficiencies within the fitting framework. As was mentioned in Sec. 5.2.6, the
coincidence tagging software also applies cuts to trim the data and MC, and retains some meta
information regarding the number of events that were trimmed in order to allow for unbiased
efficiency calculations. snopfit takes in this meta information, as well as number of remaining events
after applying all of the cuts in the configuration file, to calculate what the expected efficiency is for
a given signal. This is used to not only back out the full volume rates of the signals after the fitting,
but it also allows us to scale the predicted full volume pre-cuts rates used as prior constraints based

on the expected efficiency given the cuts and fiducial volume of a specific fit.

101



CHAPTER 6

Constructing a Backgrounds Model

6.1. The backgrounds model

Finally we can discuss the actually interesting part, fits to the basic scintillator phase dataset.

In this section, we may at times switch between 3.3 meter and 4.5 meter fiducial volumes (FV).
The 3.3 m FV is simpler to understand since the detector response is more consistent throughout
the entire region (Sec. 4.2.1) and the background rates above 2.0 MeV are much lower due to the
larger buffer from external events. This also means we can fit in just energy and ITR when looking
in the 3.3 m FV. The 4.5 m FV on the other hand maximizes our sensitivity since it increases the
efficiency for selecting signal events while explicitly fitting out the external component. The final
results of this chapter will all use fits in the 4.5 m FV in energy, ITR, and radius as these will

maximize the sensitivity to both the Ov3f signal and the ®B signal.

Now let us look at our first fit to the basic scintillator phase dataset. Fig. 6.1 shows the energy
and ITR marginals of a 2D fit in the 3.3 meter F'V. The data points pass all the cuts discussed
in Sec. 5.2, which means we do not expect any non-physics backgrounds present in events fitted
here. Furthermore, the data points should consist of only the signals we expect, which is discussed
in Sec. 5.1, at rates consistent with the values in Sec. 5.3.4. First let us discuss the things we do
understand, we can see 2>4"Pa dominating the low energy part of the spectrum. While the rate
of 234mPa, being fit here is higher than we’d expect based on the coincidence tagging within the
2380 chain, there is a long lived isotope between the 2*Bi?'4Po part of the chain and the 234mPa
part of the chain, meaning that they can indeed be out of equilibrium which does appear to be the
case. We can also see the small 2°8T1 background between 3 and 5 MeV. Furthermore, we see low
backgrounds between 2.5 and 3 MeV, which is both expected and required for success during the
Te-phase. Plots focused on the solar neutrino spectrum will be shown in log-scale which will make

it much easier to interpret the region around 2.5 MeV, which we will save for a future section.
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Now for the part we don’t understand. It can be clearly seen that something is missing both in the

1.5 to 2.5 MeV region of the energy spectrum and from 0.20 to 0.25 in ITR.

It is hard to see how this could be a systematic effect since we see good agreement between the data
and MC for the tagged 2“Bi events, and the optimal values for the systematic parameters in the
fit in Fig. 6.1 are already many sigma away from the expected values. Indeed, while it may seem
like residuals in the fit marginals are not that large, one can see in Thl. 6.1 that the optimal values
of many of the systematics are in severe tension with their respective prior constraint, summarized

in the last column.

‘ Systematic ‘ Prior Fit result | Disagreement
AEnergy 1.001 4+ 0.004 1.011 2.50
OEnergy 0.05+0.03 0.22 5.60

OITR —0.0010 £ 0.0004 | -0.0026 4.00
OITR 0.0001 % 0.0001 0.0001 0.0

Table 6.1: Comparison of systematic priors and their optimal values from the likelihood fit shown in
Fig. 6.1. Large tension between the prior constraints and the fitted values can be seen, summarized
in the last column. Note that the constraint values listed in the table here differ from those discussed
in the previous chapter since this fit uses prior constraints obtained from ?'4Bi events in the 3.3 m
FV. With that said, the differences between the priors in the two FVs are small.

We believe this means we are missing the contribution of some kind of signal in our model, and the
fitter is varying the systematics to try and resolve this issue, but there is no combination of the
systematics that is consistent with the prior constraints and provides good agreement between the
data and the model. Perhaps a clearer way to show this is to hold the systematics at their expected
values (mean of the prior Gaussian), and then do the fit just floating the signal normalizations.
This fit can be seen in Fig. 6.2, which shows the disagreement between the data and the model

much more clearly.

This disagreement in both the energy and ITR spectrum has been a mystery for SNO+ for a few
years now, and much effort has gone into trying to understand what could be causing this effect.
In the following sections we will refer to this anomaly as the “low energy excess”, where low means

lower energy than the Ov3S3 and the low energy ®B solar v ROIs, and excess just refers to the
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Figure 6.1: Top: Energy marginal of fit to SNO+ data between 1.5 and 7.0 MeV. Bottom: ITR
marginal.
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fact that we see more events in this region than can be explained by the presence of only 234™Pa.

Specifically, the events in the low energy excess will be events from 1.5 to 2.5 MeV. Sometimes
references will be made to a 2.2 MeV peak, this stems from a period of time when we believed the
background to consist of only a 2.2 MeV gamma peak, which is now considered to be only part of
the explanation. When selecting events thought to belong to the 2.2 MeV peak, we typically select

events with energies ranging from 2.0 to 2.5 MeV.

Many different ideas have been put forth regarding what could explain this low energy excess. Four
general explanations for these events will be discussed in the following sections. The current leading
theory is that there is both a v and B source in the detector not included in our backgrounds

model. The rest of this chapter will be spent trying to motivate and develop this theory.
6.2. Low energy excess investigations
6.2.1. General coincidence tagging studies

Since coincidence tagging is one of our most powerful tools for removing and constraining back-
grounds from the data taken in the SNO+ detector, many scans were done on the events comprising
the low energy excess to look for some kind of coincidence signal that we may have missed. All of
these studies have turned up empty-handed as it looks like there are no correlations between these
events and other events. Fig. 6.3 shows the results of looking for general coincidences between
low energy excess events and any other event within 1 meter and 1 second both into the past and
future. Accidental coincidences will both appear flat in time and Ar3, which is indeed what we see

in the tagging results.
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Figure 6.3: A search 1 second into the past and into the future for any coincidence signals with Ar
less than a meter. There is no clear preference for low Ar or At values, which is what we would
expect for some kind of coincidence signature — rather the results seem entirely consistent with
accidental coincidences from high rate backgrounds like 2'Po and C.

6.2.2. Instrumentals and mis-reconstructions

It has also been thought that these events may be some form of instrumental backgrounds, either
from noise in the electronics or light produced inside the detector from sources other than physics
events. SNO+ applies a myriad of data cleaning cuts to remove instrumental backgrounds, all of
which are included in the analysis mask cut that is applied to the events shown in the fits above.
Furthermore, these kinds of events typically have hit time residual distributions and hit topologies

that differ drastically from physics events.

A similar class of events to instrumentals are mis-reconstructions, or events that are truly physics
events but due to some unknown effect the events are reconstructed far away from their true
positions. Just like instrumentals, this is a large hypothesis space and it is hard to exhaust every
potential way in which a mis-reconstruction could occur. The best we can do is see if the low energy

excess events have some distinct feature relative to a known class of background events.

The low energy excess events have been hand scanned to try and see if these events look distinct
from standard physics events. It’s worth mentioning that during these studies, we did find classes
of events that we do want to remove from our datasets, but the vast majority of these events all
“look” just like standard SNO+ physics events. For example, we discovered a class of “pileup”
events where two AV surface events will occur in the same trigger window on opposite sides of the
AV, which can lead to mis-reconstructions that place these events close to the center of the AV.

These events can pass many of our typical classifiers, but they are very efficiently removed by S14
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which was not being applied before this class of event was discovered. An event view of a standard

event and a pileup event can be seen in Fig. 6.4.

E=1.81
pos=-2613.77,-1059.55,1661.27
ab212=7.40
itr=0.26
betal4=0.00
pass_zero_zero=1
delta_t=375820.00

Figure 6.4: A comparison between a “normal” physics event and a “pileup” physics event. The
event display shown here is custom. The black, green, and red points represent the x, y, and z
projections of hit PMTs in an event, and the blue points are the true 3D locations of the PMTs.
The pileup event (right) clearly has a distinct hit topology, which is captured by the (14 classifier.

As was said in the previous paragraph though, the pileup events accounted for just a small number
of the low energy excess events and the rest of the events in the excess appear to look convincingly
like other physics events. Fig. 6.5 shows the summed hit time residuals of the excess events relative
to the summed hit time residuals of tagged 2'“Bi events, and it can be seen that they agree well
with one another. Therefore any instrumental backgrounds or mis-reconstructions would have to be

created in such a way that they look convincingly like other physics events, which is very unlikely.
6.2.3. Neutron captures

The coincidence tagging studies also directly test one of the first hypothesized explanations of the
disagreement between the backgrounds model and the data, which is a 2.2 MeV v emitted from
neutron captures on hydrogen. As one can see in Fig. 6.2, the residuals in the energy marginal
resemble the energy distribution created by a 2.2 MeV ~. The ITR distribution of the pure v events
may help improve the agreement between the data and the MC in the ITR dimension as well. A fit
with an additional neutron capture background freely floated can be seen in Fig. 6.6, which shows

that the neutron capture peak does indeed help fill in some of the excess events. Furthermore,
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Figure 6.5: The summed hit time residuals of the excess events (red histogram labeled “2.2 MeV”)
relative to the summed hit time residuals of tagged 2'*Bi events. The two agree with one another,
suggesting that the low energy excess events appear to be physics events.

the systematics are much closer to their expected values in this fit relative to the fits without the
neutron capture peak floated. Note that the fit suggests something like 600 neutron captures in
this fit in the 3.3 m FV, which is many more neutron captures than we expect as will be discussed

below.

Since neutron captures on hydrogren seem to be a plausible explanation, we must consider all the
ways in which neutrons can be created within the detector. One process which produces neutrons
has already been discussed, neutrons created in v interactions, specifically from both reactor and

atmospheric neutrinos.

Reactor neutrino interactions, which are weak current interactions (see Fig. 6.7), will always produce
one neutron since the exchange of a W boson transforms a proton into a neutron. Unfortunately,
the reactor antineutrino rate is well known and also directly measured by SNO+ in the reactor
antineutrino analysis, which has shown rates consistent with expectations. This rate only produces

around 11 antineutrino interactions, or equivalently 11 neutrons, in this dataset [73].
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Figure 6.6: A fit with an additional free neutron capture component.
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Figure 6.7: Schematic representing reactor antineutrino interactions in SNO+. From [57].

Furthermore, these neutron producing interactions will necessarily also produce positrons which
are guaranteed to annihilate producing a prompt event of at least ~1 MeV of energy before the
neutron capture. The neutron will capture in a few hundred microseconds, emitting the 2.2 MeV

gamma that we think might be what is the low energy excess. This coincidence between a > 1
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MeV event and a 2.2 MeV event means that the reactor antineutrino signal is very easy to tag, and

should indeed be tagged by our general coincidence tag described in Sec. 5.2.

The atmospheric neutrinos on other hand can interact in ways that produce many neutrons in the
detector, potentially being a source of neutrons in the detector. But GENIE [74] simulations of the
SNO-+ detector have been performed which show that the expected antineutrino contribution to

this analysis is negligible [75].

Another source of neutrons are («,n) interactions, where an « produced in a radioactive decay can
interact with a nucleus in such a way that a neutron is emitted. The highest rate a emitter in the
SNO+ detector is 21%Po, with a rate orders of magnitude larger than the next source of as which
is 214Po. The production of neutrons from ?'°Po was calculated in [76], and the rate was found to
be 5.3uHz, with roughly a 40% uncertainty to account for uncertainties in the cross-section. Even
with this large uncertainty, the number of « events expected in the entire basic scintillator phase
dataset is only 68 over the entire detector volume, so one would need to increase the («,n) rate by

over an order of magnitude in order for it to explain this low energy excess.

Furthermore, two of the («,n) processes produce high energy prompt signals: one involves the
production of an excited state of 12C which emits a 4.4 MeV de-excitation v, and the other involves
an excited state of 150 which emits either a «y or a positron-electron pair, depositing about 6 MeV
of energy into the detector in either case. The third channel of the (o, n) interactions involves the
neutron scattering protons as it thermalizes, and the recoiling protons generate a continuous energy
distribution of events with mean energy of around 1 MeV. All three of these processes are followed

by the neutron capturing on hydrogen or carbon in the scintillator, and thus a 2.2 MeV ~v-ray.

All three of these chains are tagged by the cuts used in the general coincidence tagging, the two
chains that produce high energy prompt signals are tagged with nearly 100% efficiency while the
prompt events from proton recoils should be tagged at about ~70% efficiency. This means that
even if the rate of the («,n) decays is off by some large amount, we would still tag most of these

events due to their particular coincident signals and see large numbers of events that look like (a, n)
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in our tagged event selection, which we do not.

Another source of neutrons is from cosmic muons as they travel through the scintillator, but the
20 second veto applied after muon events is orders of magnitude longer than the neutron half life
in scintillator so this background is negligible. Isotopes produced by muons can also undergo 5 +n

decays, but these isotopes are all short lived and therefore removed by the muon veto.

These are the main sources of neutrons in the SNO+ scintillator and they all produce neutrons
at rates far below what is required to explain the low energy excess. One source of neutrons not
discussed here that will be discussed later is fast neutrons produced on the outside of the AV which
then travel into the AV before they thermalize. This will be discussed along with other potential

explanations that originate outside the AV.
6.2.4. Contamination from external events

External events are also another potential source of unexpected backgrounds, either due to mis-
reconstructions that place events outside of our FV cut within the FV, or due to higher external
rates than expected leading to larger external rates in the 3.3 meter F'V. Mis-reconstructions were
discussed above, all of which applies here, but a higher rate of externals can be explicitly tested by

fitting out to higher fiducial volumes and seeing if the externals can explain the low energy excess.

Fig. 6.8 shows an example of such a fit with the water external backgrounds all allowed to float freely,
since the backgrounds in the water have been shown to fluctuate throughout the basic scintillator
phase. The fit shown here is now in 3 dimensions, energy, ITR, and (r/r4,)3. As can be seen in
the fit, there is still a clear component missing from the backgrounds model, the radial dimension
of the likelihood fit shows that the rate of the externals in the region where they dominate (above

4.2 meters or so0), is not high enough to explain the low energy excess in the 3.3 meter FV.

Of course, there could still be some effect where externals are mis-reconstructed such that the radial
distribution of external events exponentially decays up until a certain point around 4 meters, where
it then turns into a flat line. This is the worst case scenario for SNO+, since it would mean that

the external rate seems to be exactly what we’d expect in the region where it dominates, and then

112



Ac228: 646.89 + 49.92 evs

Alphan_Lab_13c_Delayed:

91 £ 2.56 evs

—- 2UBi: 840 + 2.97 evs
C10_Scint: 4.61 £ 2.22 evs

Pmt_Betagammas: 1.07 + 3.07 evs
TI207: 1.28 + 1.98 evs

ABnergy: 1.0151305 +- 0.0037456
Ohnergyt 0.2133710 +- 0.0117763

B8 Solar Nux: 185.69 £ 2.62 evs == Cll: 37.83 = 3.60 evs —— TI208: 754.97 £ 37.55 evs Syrn: -0.0024256 +- 0.0002518
Bi2l4-Av: 344.28 = 26161 evs “ss+ Cno.Ol5SolarNue: 0.36 + 116 evs  —— TI208_Av: 20.51 % 3.19 evs o 0.0001000 - 0.0011310
—— Bi2l4_Exwater Shell: 828.28 = 28428 evs  —-+ Pa234m: 12243.93 £ 257.76 evs <+ TI208 Exwater Shell: 0.00 £ 0.07 evs  —— Total MC
—= Bi214_Hdropes Shell: 21.03 + 2.87 evs Pb211: 0.08 + 057 evs —- TI208_Hdropes Shell: 30.35 £ 295 evs  § Data
seee 212Bi 68.98 4 3.06 evs Pep_Solar Nue: 0.00 % 0.10 evs
B 7 7¥r—r—r 7T
=
=
ro 4
O 10k . .
0.
]
102 .
#
0 | | | |
100 | ‘ | | |
- . PP T = B A . AN
107!
-—r 77—
LIVYY) ety g t ¢ )
K AT 75 2044 | RS PN N SREPUNY .00 ¥ SRV WL LI SRR
IYSAR (as FaAaM i A A Juiak 2 X X 5 PR A rY Bk
P R S P R S
2 3 4 5 6 7
Energy [MeV]
Ac228: 646.80 + 49.92 evs 214Bj: 8.40 £ 2.97 evs LO7 & 3.07 evs Abnergy? 10151305 +- 0.0037456
Alphan_Lab_13c Delayed: 5.91 + 2.56 evs ~ —— C10.Scint: 4.61 % 2.22 evs 128 % 1.98 evs o8 3710 +- 0.0117763

B8_Solar_Nux: 185.69 £ 2.62 evs == Cl1: 3783 £ 3.69 ¢
Bi214.Av: 344.28 + 261.61 evs Cno.0O15.
= Bi2l4_Exwater_Shell: 828.28 4 284.28 evs =+ Pa234m

754.97 £ 37.55 evs
20.51 £ 3.19 evs

SrrRr: -0.0024256 +- 0.0002518
orrr: 0.0001000 +- 0.0011310

= Total MC
== Bi214_Hdropes_Shell: 21.03 + 2. Pb211: 0.08 £ 0. — T1208_Hdropes_Shell: 30.35 + 2.95 evs ' Data
ceee 212Bi: 68.28 4 3.06 evs Pep_Solar_Nue: 0.00 % 0.10 evs
2 T T T T T T T T
g t
© 3500 F ]
}
3000 f .
[ ' f
2500 f P SV 1
2000 | h
1500 | 1
1000 f .
500 f .
]
ok h
L L L L L L L L
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

Figure 6.8: Top: Energy marginal of a 3D fit out
Bottom: (r/r 4,)% marginal.

113

(x/rav)®

to 4.5 meters in energy, ITR, and (r/r 4 )%



contributes orders of magnitude more in the regions where we believe it is negligible. One way we
can simulate such an effect is by redoing the fits in the 3.3 m FV without using any constraints on
the externals from outside the 3.3 m FV, and allow them to freely float to see if they can explain
the low energy excess events. The fit shown in Fig. 6.9 shows such a fit using 2'“Bi AV events as
the flat-tailed externals (since one can see in Fig. 5.3 that the external 2°T1 events will not fit the
low energy excess events), and as can be clearly seen even in this idealized scenario the externals
look different from the low energy excess events. There are some caveats to the fit shown in Fig. 6.9

which are discussed in the figure caption.

700 A —— B8_Solar Nue: 77.80 evs  —— TI208: 564.69 evs
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Figure 6.9: A fit with the 2!¥Bi AV events freely floated without using any radial information to
constrain the rate. Since external events that make it all the way into the 3.3 m FV are rare, it
is difficult to generate a large enough simulation dataset to have a high statistics sample of events
close to the center of the AV. Instead, the external PDF used in this plot applies a radial cut of
4.5 meters to select the events to load into the PDF, while using the 3.3 meter cut for all the other
backgrounds.

The variation in the external rates throughout the basic scintillator phase provides another way in
which we can test how the external events are contributing to the low energy excess. This is shown
in Fig. 6.10, where we compare the rate of events in the low energy excess region in the 3.3 and 5

meter FVs.
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Figure 6.10: The rate of events in the low energy excess in two different fiducial volumes. The red
histogram goes out to larger radius, and the fluctuation in rate of the external events can be clearly
seen in the histogram. The black histogram does not show any correlation with the red histogram,
which one would expect to see if the low energy excess events were caused by mis-reconstructed
externals.

Since the externals become a dominant background at around 4 meters, in the 5 meter FV we
can clearly see the fluctuation of the rate of events in the low energy excess region due to the
rate fluctuations of the externals themselves. These fluctuations are also corroborated with other
analyses focused on the external rates. On the other hand, we can clearly see that the rate in the
low energy excess region in the 3.3 m FV remains relatively constant, even during times where the
external rates increase by factors of 2 or 3. This also provides additional evidence that these events

are not somehow connected to the external backgrounds.
6.2.5. Rare interaction or process

Perhaps the most exciting explanation is that we are seeing the signature of some rare interaction
or process. Unfortunately, this is unlikely to be the case since other scintillator experiments like

Borexino should have seen a similar signal if this was indeed some kind of rare neutrino interaction,
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or some other process which led to the production of electron scatters.

Fig. 6.11 shows what the signal in the 3.3 m FV in SNO+ would look like if Borexino detected
the same signal, weighted by the exposures of each experiment. The two red lines represent two
rates, one where we consider the events between 2 and 2.5 MeV as a distinct signal, and one where
we consider the rate of all events from 1.8 to 2.5 MeV together which is labeled as the “234™Pa, +
2.2 MeV” rate. The red lines in the plot are added by the author, and demonstrate what it would
look like if one takes the rates seen in SNO+ and divides it equally among the bins from 1.8 to 2.5
MeV in the plot of the Borexino data. If we truly overlaid the shape of the spectra seen in SNO+,
the red lines would be peaked at much higher values. This provides strong evidence that Borexino
should have seen this signal if it was some kind of general physics signal, rather than a background

specific to the SNO+ experiment.
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Figure 6.11: The energy spectrum seen by Borexino in their CNO results paper with red lines
superimposed to represent the rates Borexino would see if the low energy excess was present in

their dataset. From [45], with red lines representing rates seen in SNO+ artfully drawn by the
author.

6.2.6. Rare isotopes

Another hypothesis is that there is some isotope in the detector that we have not considered yet
that explains the low energy excess. Of course, there are many known isotopes and we have only

simulated and included in our backgrounds model a miniscule fraction of all the isotopes that could
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be in our detector, so perhaps we just missed one or two. This isotope would have to be rare in the
sense that it’s something not typically found in scintillator detectors since that would be something

well known in the literature.

When we consider all the different criteria this isotope must meet, though, it becomes harder and
harder to find any potential explanations. For one, the isotope must be long lived since we do
not see any obvious evidence of the isotope decaying away throughout the basic scintillator phase.
Since we do not observe any clear coincidence structure, the half life of any parent or daughter
isotopes must be long enough that we would not see it in our coincidence tagging (something like
seconds to minutes). And of course, the decay must be high enough energy to actually produce
events in the low energy excess region, which means the endpoint of the decay must be around 2.5

MeV.

It turns out that this set of criteria drastically limits the number of potential isotopes. An internal
SNO+ document created by V. Lozza goes through all the potential isotopes in detail, including
information regarding their half lives, production modes, Q-values, decay modes, etc. Without
going into the detail of each isotope, it is worth listing out the isotopes individually to give a sense
of the number of isotopes that have been considered: 0S¢, 51Ti, 20Y, 194Rh, 111Pd, 19]In, 136(Cs,

1398, 1, M5Ce 1947, 227Re 58 102RY, 102mRy 1dppy, 150Fy, 1721, 1915y 207R;

Many of the isotopes on this list are not long lived enough to provide the constant rate of low energy
excess events we are seeing in the detector. To be thorough, we have also consider the production of
these isotopes through neutron absorption or spallation from cosmic muons. Back of the envelope
calculations have shown that one would need the number of atoms of certain isotopes to be close
to the number of protons in the detector to produce these isotopes at a rate which maintains the

rate of events in the low energy excess region.

Two isotopes did seem promising though, with appropriately energetic endpoints and long enough

lifetimes to remain throughout the entire basic scintillator phase: '°2Rh and '°?"Rh.
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6.2.7. 12Rh and '2"Rh as potential explanations of the low energy excess

102Rh and '°2"Rh both fit many of the requirements discussed previously of a potential source of
the events in the low energy excess. '“2Rh has a half life of 207 days and a Q-value of 2.32 MeV,
making it a promising candidate. '°?”Rh also has a long half life, 3.7 years, and an endpoint that

fits perfectly within the low energy excess window of energies, 2.46 MeV.

Including '°2Rh and °"Rh into the backgrounds model and fitting the dataset provides compelling
evidence that these isotopes are what we see in the detector. This can be seen in Fig. 6.12 which
shows decent agreement between the data and MC, and importantly the systematic parameters are

much closer to the means of their prior distributions.
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Figure 6.12: Energy marginal of 2D fit in the 3.3 m FV with 2Rh and '“>"Rh included in the
backgrounds model.

It is difficult to produce these isotopes in the quantities needed to explain the low energy excess,
especially in a deep underground detector like SNO+. The production of both isotopes would need
to come from the neutron activation of either °2Pb or '©3Rh, and for this to take place inside the

detector, given the number of neutrons produced in the detector, the concentration of either the
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103Rh or the Pb would need to be on order of the proton density, which is impossible of course.

But we can posit that the Rh isotopes are produced above ground where both muons and neutrons
are far more abundant, and then the isotopes are somehow piped into the detector. This is a hard
scenario to justify given all the effort that goes into keeping the scintillator as clean as possible,
and given how rare Rh is in general. Thus we must have very good evidence to support the claim
that isotopes of Rh are the source of the low energy excess, something even more convincing than

the fits alone.

A new kind of fitter was developed to try and provide this evidence, which attempts to reconstruct
events under a different hypothesis than the single-electron hypothesis. '92Rh is a positron emitter,
and positrons have a 36% chance to form a bound state between an electron and a positron called
ortho-positronium before annihilating [77]. This bound state has a longer half life than the free
positron in the scintillator, 2.7 ns. The 2.7 ns half life is long enough that we should have some
sensitivity to fit out the time difference between the positron emission and then the annihilation,

especially when we consider that the two processes should occur at the same vertex.
Multi-vertex fitting

As hinted at in the previous paragraphs, the idea of the multi-vertex fitter is that for the specific
signal of positron annihilation, we can try and look for events where the positron forms the bound
state ortho-positronium before annihilating. We have a nice advantage in that we know that the

emission and annihilation vertices should be in the same spot for these events.

The multi-vertex fitter works in much the same way as the position-likelihood fitter discussed in
Sec. 4.2.1, but instead of floating only one vertex we float two, but defined such that the two
vertices differ only in their times. Furthermore, we always know the energy released in the positron
annihilation since it is just 2m,. = 1.02 MeV, which allows us to back-calculate the energy the

positron must have been emitted with to create an event with the detected total energy.

119



Combining all these ideas we can define a likelihood where we have

N, N — N,
L plafra) x —tt

pr(zlry,re) = p(z|ry) * (6.1)

where r; = (t1, z,y, z) is the annihilation vertex and ro = (to, z, y, z) is the positron emission vertex.
p(xz,7;) is the normal hit time residual PDF used in the standard position-likelihood fitting, N is
the total number hits in the event and N,u, is the expected number of hits from the annihilation
~s, which is just a constant calculated ahead of time. Again, the two vertices differ only in their
times, and we expect At = t; — to to be distributed according to an exponential decay function

with a half life of 2.7 ns.

This fitter was tested both on 92Rh simulations and reactor antineutrino events (which produce
positrons) the results of which can be found in Fig. 6.13. As can be seen in the figure, the approach
seems to work well based on both the technique applied to MC and a (small) sample of data which

consists of the tagged reactor v events from the basic scintillator phase.

Unfortunately, when we apply this reconstruction algorithm on the events in the low energy excess,
we do not see the same tail in the At distribution between the two vertices. These results can
be seen in Fig. 6.13. This suggests that the extent to which the two Rh isotopes improved the

agreement between data and MC was completely coincidental.

At this point, it feels clear that we must take a step back and try and think of a more powerful
approach where we can test collections of possible explanations for this low energy excess rather
than stepping through the hypothesis space isotope by isotope. This is a hard problem though, how
can we even start to step through this space that is made up of a continuum of possible backgrounds

models? This is what we will attempt to do in the next section.
6.3. A generic backgrounds model

As mentioned at the end of the previous section, a more powerful approach than trying to find
potential isotopes that explain the low energy excess is instead trying to come up with a generic

approach that can continuously search through the space of all possible backgrounds models. At

120



100 10

Fit: 2.81 ns + -2.716 +-0.082ns
— Rh102

80

Counts [arb.]

60

Counts

40

20

0 5 20 4 6 8 10 12 14 16 18 20

10 15
Annihilation time - positron time [ns] Annihilation time - positron time [ns]

—— Rh102

Pa234m
—— Total
t{ Data

400 A

3001

Counts

1001

0.0 25 5.0 7.5 10.0 12.5 15.0 175 20.0
Annihilation time - positron time [ns]

Figure 6.13: Top left: The time separation between the two vertices in the multi-vertex fitter
from simulations of °2"Rh decays. Top right: The time separation between the two vertices in
the multi-vertex fitter when applied to tagged reactor v events. An exponential fit to a histogram
of the time differences agrees nicely with the expectation based on the ortho-positronium half life.
Bottom: The results of applying the multi-vertex fitter on the low energy excess events. There is
no clear signal of the formation of ortho-positronium.

first glance, this feels like a hopelessly under constrained problem, one where it is impossible to tell

if any progress has been made towards creating a model with explanatory power.

If we think at the coarsest level about what could cause the low energy excess events at this

point though, we can make some real progress towards trying to parameterize this anomalous

121



background. For example, the end of the last section showed that it is unlikely these events are
positron emissions, since we should see the half life of the orthopositronium in the multi-vertex
fitter. We also know that these events cannot be explained by some kind of a emission since the
as are quenched in the scintillator, and there is no way to generate as of a high enough energy
to explain these events. For similar reasons, it’s also very unlikely that these events could be the
result of protons moving through the scintillator, and both protons and as would have hit time

residual distributions distinct from 2'4Bi events, which goes against what we see in Fig. 6.5.

At this point, we can conclude that these events must be caused by some kind of 3, ~, or 8/v
emitter that we haven’t been able to name yet. To first order, the 8 and + emitters are both easy
to parameterize by just a single number, the endpoint for the 8 and just the energy for the . The
B/~ on the other hand can be parameterized with two variables, the total energy shared between
the 8 and the v and the fraction of the energy that goes to the 5 endpoint. Equipped with these
parameterizations, we can think of the possible models that can explain the low energy excess as

collections of L B, M v, and N 3/~ emitters where L, M, N are all just integers.

Occam’s razor tells us that we should prefer the simplest models, which means that we should
order the space of all models based on the number of parameters a given model has. Each g and
v add a single free parameter to the model, the endpoint, whereas a /v emitter adds two free
parameters, the endpoint and the beta fraction (the fraction of energy that goes to the Q-value
of the 8). This means the first 4 models we should consider are: 1 8, 1 v, 1 fand 1 ~, 1 /7.
This process can be continued for as long as one desires. Each 3, 7, or 8/~ will be referred to as
an “empirical background” to communicate the fact that these signals are data driven in the sense

that the datapoints inform us about the shape of the signal.

Of course, we will need something a little more formal than Occam’s razor to compare between
each of the models. We will take a Bayesian approach and use techniques from the sub-field of

Bayesian model comparison to inform our “belief” in one model relative to another.
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6.3.1. Bayesian model comparison

The fits presented thus far have all consisted of a single model M which is described by some
number of parameters M (61, ...,6;). In this analysis, we have found ourselves in a situation where
there is some inherent uncertainty in what backgrounds model is the correct backgrounds model,
and we need to compare models with different numbers of parameters, i.e. models with different
numbers of fs, s, and §/vs. Furthermore, we want to compare or combine predictions from the
different models, for example when we measure the low energy ®B neutrino flux. The quantity we
would like to compute then is p(M|z), or the probability of a model M given the data x. The

following discussion follows the material of Appendix A.

As seen in the appendix, applying Bayes’ theorem gives us

p(z[ M) (M)

p(M|x) = ()

(6.2)

where now p(x) is a sum over the different models we are considering, p(xz) = >, p(x|M;)m(M;),
and 7(M) is the prior we assign to a given model. We can see that for a given model, p(x|M) is

equivalent to the evidence for that model, or the integral over the entire likelihood space
Zy = /ﬁ(:c\ﬂ, M) (6)df = p(xz|M), (6.3)

therefore the posterior probability for a given model is directly proportional to the evidence. Rewrit-
ing p(M|z) we now have
Zyrm(M)
p(M|z) = 2220 (6.4)
p(z)
This framework also provides us with a way to marginalize over our uncertainty in the backgrounds

model when different models share a given parameter 6;. This can be represented as the weighted

sum of the individual model posteriors of the parameter of interest. where the weights are the prior
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weighted evidences of the different models:

0|z, M) Zppm(M;
p(b;|z) = ;p( i p()x) (M) (6.5)
It is important to note that the evidence calculation naturally contains an effect similar to Occam’s
razor, where more complicated models are penalized relative to simpler models with the same
predictive power. This is encoded in the prior weighted measure of the integral, m(0)df. For
simplicity we will consider a scenario in which we have two competing models, one with two
parameters and prior volume [? and one with three parameters with prior volume [3, or in other
words all the parameters encompass the same prior volume [. Let’s also assume that the additional
parameter in the second model provides no additional prediction power, so the likelihoods are

identical between the two models.

One can see that in this simple scenario, if the evidence of the 2 parameter model is Zs, the evidence
of the 3 parameter model is Z3 = %, since the prior volume enclosed increases by a factor of [.
Another way to interpret this result is the prior space became less dense as we added in the third
parameter, and this decrease in density is reflected in the evidence. Any parameters added to the
model will make the prior space less dense, but this can be in general offset by an increase in
the value of the likelihood function if the parameter does indeed make the fit much better. This
is a very powerful result of Bayesian model comparison, and a mathematical way of representing

Occam’s razor.

In the analysis presented in this thesis, we will consider many different background models, and
as such we will make use of the results in this section to compare and combine their results. This
means accurately calculating the evidence for the different models will play an integral role in this

analysis.
6.3.2. Nested sampling
As the integral in Eq. (6.3) is evaluated over the entire parameter space 6, it will often be a ~30

dimensional integral in this work. It has no direct analytical form given that we are using a binned
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PDF approach, which means that we must rely on numerical techniques to calculate the integral.

Monto Carlo integration using the VEGAS algorithm [78] was initially used to try and evaluate
the integral, but this approach frequently did not sample the space adequately enough to find all
the high density regions of the parameter space, and taking enough samples to properly scan the
entire space led to prohibitively long run times. Additionally, in lucky cases where the algorithm
did find the high density regions in the parameter space, the algorithm would often over-sample
just that part of the parameter space. This lead to results that could be systematically biased both

high and low relative to the true integral.

Eventually it was decided to use the nested sampling algorithm instead [79], which is specifically
designed for calculating evidences within the Bayesian framework. The nested sampling algorithm
essentially samples the likelihood space according to the prior distributions of the parameters, and
in doing so the multidimensional integral shown in Eq. (6.3) turns into a 1D Riemann sum over
shells of constant likelihood with widths 7(6)df. A more detailed discussion of nested sampling can

be found in Appendix B.

The results of nested sampling run are a collection of points that sample the likleihood space
according to the prior, each weighted by the product of the volume of the prior space enclosed
at that sample and the value of the likelihood at that sample. These weights are the individual
summands of a Riemann sum that approximates the evidence. The weights and the samples can

also be used to approximate the posterior of a given parameter:
M
7.0,
p(0) => L= (6.6)

where 6;; just means the ith component of the j* sample and M runs over the total number of

samples. This is also shown in Eq. (B.5), we’ve just shown it here as well for convenience.

A nested sampling implementation developed by the author has been included in snopfit (Sec. 5.4).

A more in depth discussion of nested sampling as well as the specifics of the algorithm implemented
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for this work are discussed in Appendix B. It is worth mentioning here, though, that we use a “slice
sampling” approach to generate the new samples. Both 1D and ND slice sampling approaches are
used, 1D for the normalizations and ND for the systematic parameters since they are expensive to

update and updating one requires recomputing the effects of all of the systematic parameters.

To verify the algorithm, nested sampling runs were done with likelihood functions and priors that

result in analytically calculable evidences.
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Figure 6.14: The results of a nested sampling run with three parameters. The priors for every
parameter are uniform. The likelihood is the product of Gaussian functions, one for each parameter
with the mean and standard deviation defined in the legend.

Figure Fig. 6.14 shows the results of a nested sampling run where the likelihood function is the
product of Gaussians, with one Gaussian for every parameter. It can be seen in the figure that
the posterior distributions are what one would expect given the parameters that define each of the

Gaussian functions.
6.3.3. PDF generation and interpolation

One more difficulty in trying to fit arbitrary parameterizations of backgrounds is that since the

parameters defining the different empirical backgrounds models (the endpoint and f fraction) are
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continuous, we cannot generate simulations of the entire parameter space of models. Instead we
must rely on some interpolation strategy to generate PDFs in between the points at which we do

simulate the empirical backgrounds.

The simulations to generate the empirical backgrounds models use the RAT (S decay generator
to generate s according to the B spectrum of the 2'“Bi nucleus. This nucleus was chosen at
random, and since the details of the nucleus only change the shape of the 8 decay spectrum by a
small amount we are not sensitive to this choice. Of course, the endpoint of the 8 spectrum is set
according to the empirical background PDF we want to generate. The v empirical backgrounds are
simpler — these simulations are ran using the gun generator, which “shoots” gammas throughout

the detector at specified energies.

The (/v simulations are ran using a combination of the two approaches above, where both a
and a -y are generated in the same event window, generating events that are distinct from either
pure 8 and pure y events, as was discussed in Sec. 5.1. As mentioned above, this class of empirical
background is defined by two parameters, an endpoint and a beta fraction, where the beta fraction
defines the ratio of 8 endpoint relative to the energy of the . Note that this means that a some of
the 3/~ events will have 8s with arbitrarily low energies since the energy of the 3 in each individual
event is still sampled form a g spectrum. One can also think of the § and ~ empirical backgrounds
as limiting cases of the 3/~ backgrounds, where the § is the limit in which the beta fraction goes
to 1, and the 7 is the limit in which the beta fraction goes to 0. Fig. 6.15 shows how the energy

and ITR 2 distributions of the 3/ events change as a function of the endpoint and beta fraction.
Now that we know how to construct the PDFs for a particular endpoint or endpoint and beta
fraction, we can begin to try and attack the problem of interpolating between the different PDFs.
Linear interpolation

One potential solution to this problem is interpolation, or using simulation to generate the trans-

formed distributions at discrete points and using interpolation to build representative PDFs between

3The plot shows the multisite distribution, not the ITR distribution, but these two parameters convey essentially
the the same information.
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Figure 6.15: Energy and multisite distributions of /v backgrounds simulated with different end-
points and beta fractions. Note that multisite is essentially a more advanced version of ITR that

essentially carries the same exact information.

the simulated points. The most obvious approach to do this interpolation is linear-interpolation

which may work for certain types of re-weightings of the PDFs, but in general this will lead to

“ghosting effects” which are almost always unwanted. An example of these ghosting effects can

be seen in Fig. 6.16, where even though the two distributions we are interpolating between are

unimodal, the interpolated distributions develop a bimodal behavior due to the difference in means

of the two input distributions.
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Figure 6.16: Comparison between linear and McCann interpolation of two Gaussians with differ-
ent means and standard deviations at 4 different interpolation points. Left: Linear interpolation
showing the “ghosting” effect that can occur when PDFs do not lie on top of one another. Right:

McCann interpolation.

This ghosting effect makes linear interpolation unusable for applications where the probability mass
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of the PDFs shift at the different interpolation points. We need something that somehow is aware
of how probability “moves” as we move in the parameter space in which we are attempting to

interpolate. This brings us to the field of optimal transport.
Optimal transport based interpolation

Optimal transport re-frames interpolation in terms of how probability is transported as one moves
between PDFs. This new interpretation proves to be very useful, as one can define interpolation
in terms of the paths probability masses will trace out as we vary the parameters in which we
are interpolating. An introduction to optimal transport and a review of the basics of measure
theory needed to understand some of the important results of optimal transport can be found in

Appendix C.

The results from optimal transport that we are interested in is that the optimal mapping (or
the mapping that minimizes the distance traveled by probability masses as they move from on
distribution to the other), is a solvable problem in 1 dimension. Specifically, the map from one 1D

distribution p to another v is given by Sec. C.2
x — F,j_l(Fu(:U)). (6.7)

where F) is the quantile function of the distribution A, or the inverse cumulative distribution
function (CDF). Furthermore, one can construct an intermediate map, or a map that interpolates

between the two distributions, using the following Sec. C.2:
-1 - -1
Fl=(0—-t)F, ' +tF, (6.8)
where t varies from 0 to 1. This map is instead meant to map the uniform distribution from 0 to
1 onto the interpolated distribution, which is a more useful parameterization.

Now that we have built up some useful results by applying optimal transport in 1D, we can begin
to layout the PDF interpolation algorithm. Imagine some space V = R", and at every point in V

we have some multi dimensional PDF p,(z). v in p,(x) represents the coordinate in v at which
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py(z) resides, which is in the space of V. x resides in the coordinate system on the PDF itself,
some coordinate in R¢ where ¢ is the dimensionality of the PDF. We will call the space V the
interpolation space, since it contains the points over which we would like to interpolate. Fig. 6.17
illustrates how one can think of the PDFs as being embedded within the interpolation space.

v. 4
j

>
Vi

Figure 6.17: A representation of the interpolation space V and the coordinates on the PDFs .
Each black dot is a coordinate in V, and we associate each coordinate in v with a distinct PDF.
In this figure both the interpolation space and the PDFs are 2-dimensional, but in general the
dimensionalities of each can be different.

Of course, V' is continuous so if there is no analytic way to describe how p,(x) changes as one
explores the space V, then an interpolation strategy must be used. As was shown in Fig. 6.16,
linear interpolation often creates unwanted artifacts in the PDFs, so an optimal transport based
approach is much preferred. The issue with optimal transport is that finding the optimal transport
maps for dimensions greater than 1 is difficult as no closed form solutions are known, so one must

resort to numerical techniques.

The PDFs employed in this work are typically more than 1 dimension, so we must come up with an
approach that is applicable for an arbitrary number of dimensions. Unfortunately, the techniques

developed to calculate optimal transport maps in more than 1 dimension require minimization,
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which is also undesirable since this would require a “meta”-minimization step during likelihood
fitting [80]. Another way to try and attack the problem is to recall that for any arbitrary dimension
PDF, we can always construct 1D distributions by marginalizing over every dimension aside from
one. Therefore, if we develop a strategy that uses only on the marginals of PDFs we are free to use
the results shown in Sec. C.2 for 1D distributions, and we can generalize to arbitrary dimensions

in a very straightforward manner — we just repeat the process for each dimension of the PDF.

The inputs of our interpolation algorithm are pairs of input PDFs and points in the interpolation
space V, as well as the point in V at which one wants to interpolate, which we will call the
interpolation point. For simplicity, this discussion will restrict the input points of the PDFs to
be distributed along a uniform grid, therefore for any interpolation point the nearest input points
are those that form the n-dimensional hyper-rectangle that surrounds it (this work only deals with
spaces where the dimensionality of V' is less than or equal to 2, which means the “hyper-rectangles”
are either line segments or rectangles.). This isn’t a requirement of this technique in general, it
can actually be used on an arbitrary set of points for the input points as long as they span all the
points at which one may want to interpolate. Since the input points and PDFs do not change, we
can assume that for each input PDF we also cache a CDF and quantile function (QF) to avoid

recomputing these each time the algorithm is ran.

We begin the interpolation process by finding the hyper-rectangle that bounds the interpolation
point. There are many solutions to this problem, any number of algorithms can be used to find
these bounding points. Once we have these points, we start the per PDF dimension part of the
algorithm. To keep track of which dimension of the PDF we are currently evaluating we will use
ig = [0, ] which increments every time we move on to the next dimension. First we calculate the
Wasserstein barycenter (W) the iy marginals of the PDFs located at the points in the bounding
box. The weights used for the vertices of the bounding box are identical to those used in linear and

bilinear interpolation. For 1D interpolation with lower and upper bounds v, and v; the weights

vy
Vu—0

Vy,
Vy—vy "

are w, = and w; = In 2D the situation is more complicated, but one effectively

weights by the area of the rectangle formed by the interpolation point and the vertex opposite of

131



the point being weighted. Fig. 6.18 shows this graphically. The Wasserstein barycenter is then
calculated according to Sec. C.2, where the weights w; are defined as just described and the F,, are
the marginals of the PDFs at the bounding points for the current dimension.

(Xl,yz) (Xz,yz)
O O

®x.y)

o O
(Xl,yl) (X2,y1)

.ﬁ=0 ’—'-I-OH +
—1, 0

o +O

Figure 6.18: Weights assigned to vertices of the bounding rectangle in bilinear interpolation. From
[81].

Once we have calculated Wj, we can calculate the map T; from the marginals of each of the ¢
bounding points to W, using Sec. C.2. Now if we assume that the marginals transform in a similar
way to how each 1D slice of the PDF in i4 transforms, applying the map to each 1D slice in the PDF
will given an approximation to the true PDF at the interpolation point. Note that this doesn’t
result in a PDF whose 1D slices are all identical — the 1D slices all retain their prior shape,
that shape has just been transformed in the way that the marginal transforms when optimally
transported to the interpolation point. Since the same transformation is applied to every slice, we
also avoid any issues that arise from other dimensions being affected by the interpolation procedure
since probability moves between the bins in the 1D slices in an identical fashion from slice to slice.
This process is then repeated for every dimension in the PDF. An illustration showing these steps

visually can be seen in Fig. 6.19.

As the process described in the last paragraph is applied to the PDF at each bounding point, it will

result multiple different interpolated PDFs at the interpolation point, one for each of the bounding
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Figure 6.19: Left: Illustration of the W} part of the interpolation algorithm. For each dimension in
the PDF we calculate the marginals and then use the weighted QFs of the marginals to calculate
Wpy. Right: Hlustration of the application of the map found in the previous step to each 1D slice in
PDFs.

points. This is because the optimal transport map applied to the 1D slices will not in general
recreate the same PDF from each of the bounding points. At this point, though, if the assumption
that the mapped 1D slices will approximate the true PDF is indeed true, there should only be
minor differences between the resulting PDFs. In this limit linear interpolation directly in the PDF
space should not produce any artifacts, so the final PDF is constructed by averaging over each of

the PDFs weighted by the same weights used when calculating the Wasserstein barycenters.

This specific interpolation algorithm appears to be novel, and is a invention of the author. Studies
comparing it to more empirical approaches like the ones used in the ROOT framework are planned

but have not been carried out yet.

Returning back to the problem at hand, using this technique to interpolate between two 2D PDFs
for the (/v empirical background can be seen in Fig. 6.20. As can be seen in the figure, the
interpolated distribution matches the true distribution closely. Importantly, there does not seem

to be a systematic difference between the two distributions.
6.3.4. Fits including empirical backgrounds

Now that we have all the required machinery, we can finally look at fits which float some number of

these empirical backgrounds. This section does not intend to try and prove which model is optimal,
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Figure 6.20: Top: An example of the simulated PDFs for a given empirical backgrounds (left)
and the interpolated empirical background (right) with interpolation points at 2.25 and 2.5 MeV
in energy and 0.40 and 0.425 in beta fraction. Right: The residuals between the two distributions
on top.

which will be done in the next section, but rather we will show that a given model which includes
empirical backgrounds does have some explanatory power. The way will do this is by fitting a
model which includes an additional v and 3/v to the basic scintillator phase dataset. This fit will
provide us with an endpoint (or for ~-rays we typically just call this the energy) for the v and
an endpoint and a beta fraction for the 3/y. We can then simulate this particular model in the
enhanced scintillator optics and fit the enhanced scintillator dataset with this particular model,
to see if it indeed has any predictive power. It is important to note that we are not floating the
shape of the empirical backgrounds in the fit to the enhanced scintillator phase, we are essentially

holding the shape of the empirical backgrounds constant at their MLE values from the fit to the
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basic scintillator phase dataset.

The fit to the basic scintillator phase dataset and the enhanced scintillator phase dataset can be

seen in Fig. 6.21.
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Figure 6.21: Left: A fit to the basic scintillator phase dataset in the 3.3 m FV where the shapes
of the two empirical backgrounds are floated. The fit prefers a v endpoint of 2.18 MeV and a
B/~ endpoint of 2.39 MeV with a beta fraction of 0.34. Right: A fit to the enhanced scintillator
phase dataset using empirical backgrounds simulated only at the optimal shape parameters found
in the fit to the basic scinitllator phase. Good agreement between the data and MC can be seen
in both fits, suggesting that the model predicts the empirical backgrounds present in the enhanced
scintillator phase.

Note that this test is also more supporting evidence that the events in the low energy excess are
indeed physics events. The change from the basic scintillator phase to the enhanced scintillator
phase involves a substantial increase in the light yield, which is reflected in the empirical back-
grounds since they are simulated using the optics model corresponding to each phase. It is hard
to see how an instrumental effect would transform in the same way as real physics events when

switching between the phases.
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CHAPTER 7

A Measurement of the Low Energy B Neutrino Survival Probability

Now we are finally at a point where we can do fits to extract a physics result from the basic
scintillator phase. Given the complexity involved in this approach, it is worth reviewing how we
plan to go from fits over many different backgrounds models to a measurement of the low energy
8B solar neutrino flux. As a reminder, almost all the complexity of this analysis comes from the
fact that we have some inherent uncertainty in our backgrounds model, which must be factored
into any physics results extracted from this dataset. This can be accomplished by computing the
evidence for multiple models and marginalizing over the posterior distributions of all the models

under consideration.

Of course, the space of models is infinite since we can always add more and more empirical back-
grounds into the model. Even worse, as we consider models with more and more free parameters
(through the addition of empirical backgrounds), the agreement between a given model and the
data will either improve or stay the same purely based on the fact that the models have gotten more
complicated. The solution to this problem is of course the Bayesian model comparison approach
discussed in Sec. 6.3.1. Specifically, since the prior space becomes less dense as we add parameters
into the model, more complex models are “de-weighted” relative to simpler models, which can be
offset by increase in the value of likelihood, or if the additional parameter provides better agreement

between the data and the model.

In some sense, we can think of this prior density as a regularizer as we marginalize over all the
different possible backgrounds models. Ideally at some point additional models will start to decrease
in evidence such that they contribute negligible amounts to the posterior distributions of the shared
parameters, and we can conclude that we can ignore backgrounds models with any additional
complexity. This also provides some support for our approach of iterating over the different models
in order of increasing numbers of free parameters — if at some point we start to see the evidence for

more complex backgrounds models decreasing we know that this means we have reach a maximum
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in the evidence. This is guaranteed since more complex backgrounds models are just powersets of

the simpler models.

Now that we are equipped with a strategy to deal with the uncertainty in the backgrounds model
for the basic scintillator phase, we can extract physics results from the dataset. This chapter will
focus on extracting the 8B solar neutrino survival probability using the PDF interpolation and

likelihood fitting techniques discussed previously.
7.1. Defining the region of interest

First we must decide upon the appropriate region of interest (ROI) in which we will fit for the low
energy °B neutrino rate. We want to push the region we are fitting over as low in average neutrino
energy as possible, while still maintaining a reasonably accurate result. The approach employed
in this work is to construct an Asimov dataset based on the background rates fit in the previous
section, and then optimize the significance of the ®B signal in the energy region between the low

energy excess and the 98T peak, with the significance defined as

P= \/SSTK;' (7.1)

S is the counts from the ®B signal and B is the combined counts from all other backgrounds in the

ROL

The energy marginals of the Asimov dataset and corresponding fit can be seen in Fig. 7.1. This
Asimov fit and resulting ROI optimization was done over energy, ITR, and rcubed, but the only
dimension of the optimization that we need at this moment is energy since we must manually split
the ®B signal into the different energy regions when we do the fits to the real data. All we need
to make sure of is that we span the region that maximizes the sensitivity in both ITR and radius,
as the likelihood fit will then fiducialize for us. The resulting optimized energy region for the low
energy °B solar neutrino rate measurement is 2.4-3.25 MeV, which we will call the low energy region
(LER). Since the energy range of the fits shown in this work is 1.5 to 7.0 MeV, this also defines

two other B regions, one which we will call the very-low energy region (VLER) (1.5 to 2.4 MeV)
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and the other we will call the high energy region (HER) (3.25 to 7.0 MeV).
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Figure 7.1: The energy marginal of the Asimov dataset and the resulting fit used to maximize the

8B ROL.

The next step is relating the low energy region to the true neutrino energies it probes. This can

be seen in Fig. 7.2. It can be seen in the plot that the low energy region corresponds to an average

neutrino energy of 7.13 MeV. This factors in the effects of oscillations according to the MSW-LMA

solution. The solar neutrino PDFs used in the fits also have neutrino oscillations applied, and

combine the elastic scattering distributions of v,, v, and v, interactions, scaled by the appropriate

fractions.
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Figure 7.2: The true neutrino energies corresponding to the low energy region and high energy
region in this work. The black point is the mean 4+ the numerical standard deviation of all the
energies in the black histogram, and the same is true for the yellow point and the yellow histogram.

7.2. Model comparisons and marginalized results

For similar reasons that likelihood fits almost always work in the log-likelihood space, the nested
sampling algorithm also estimates the log of the evidence, log Z. The evidences of the various

models considered in this work can be seen in Tbl. 7.1.

As is mentioned in the caption of the table, the nested sampling runs of the models which did
not include a 3/ signal required the standard deviations on the priors to be increased in order to
prevent numerical precision issues from popping up during the run. Specifically, the energy smear
prior standard deviation increased by a factor of 5 and the ITR shift prior standard deviation
increased by a factor of 100. In the limit that the maximum likelihood value of a paramter is far
from the maximum prior value of a parameter, this always provide an upper bound since we are
increasing the overlap between the prior and the likelihood. Therefore the logZ values calculated
for those models is overestimated by some unknown amount, but this is fine for reasons we will

discuss in the next paragraph.

As can be seen in the table, the evidences clearly peak for a model that includes a v and a (3/7,
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Model content logZ Added free

parameters
08, 0, 08/~ | 183025.28 0
15, 0y, 08/~ | 183104.68 2
08, 17, 08/~ | 183152.28 2
08, 0, 18/~ | 183148.38 3
2p3, 0v, 08/~ | 183103.96 4
08, 2v, 08/~ | 183153.16 4
15, 1v, 08/~y | 183152.63 4
158, 0y, 15/~ | 183148.92 )
08, 1v, 18/~ | 183176.25 9
308, 0y, 08/v | 183103.27 6
08, 3v, 08/~ | 183150.51 6
208, 1, 08/~ | 183152.28 6
18, 27, 08/~ | 183154.33 6
08, 0v, 28/~ | 183153.61 6

Table 7.1: The log of the evidence calculated for each of the models considered in this work. Note
that the models lacking a /v background had to be ran with the systematic constraint on the
energy smear increased by a factor of 5 and the constraint on the I'TR shift increased by a factor of
100 for the slice sampling algorithm in those dimensions to not break down. This breaking down
of the algorithm was due to the fitted value for those systematics being so far from MLE, leading
to numerical instability since the probability of being that far away from the prior mean becomes
vanishingly small.

and all other models have evidences at least ~30 lower in logZ. Since the posteriors are weighted
by the evidences, not the log of the evidence, the next best model relative to the 1 v 1 5/ model is
the 2 model, which has a logZ of 183155.01. The contribution to the posterior of v 3/ model is

183153.61—183176.25 — 1 5 10719, This means the posteriors of all the other models essentially

then e
provide no change to the posterior of the 1 v 1 /v model, so the following results are all only
shown for the 1 v 1 /v model. This is why we don’t care that we calculated upper bounds on the

evidences for some of the models, even these upper bounds do not contribute to the marginalized

posterior in any substantial way.
The marginals of the fit with the fit parameters at their MLE values can be seen in Fig. 7.3.

We can also use the nested sampling weights as an estimate of the posterior density (see Ap-

pendix B). The posterior density of the VLER, LER, and HER can be seen in 7.4.
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Figure 7.3: Marginals in each dimension of the 3D fit with an addition v and (/v empirical
background. As can be seen in the legend, the resulting /v parameters are an endpoint of 2.42
MeV and a beta fraction of 0.35. The energy of the « is fit to 2.18 MeV.

The posterior distribution for the VLER shows that we basically have no sensitivity to that part
of the 8B spectrum, which makes sense given that is where most of the substantial backgrounds
in the analysis appear. The LER and the HER both produce well behaved posterior distributions.
To extract a credible interval from the posterior distributions, we use Kernel Density Estimation
(KDE) to construct a smooth distribution out of the weighted histogram, and then integrate the
KDE distribution on either side of the mean until we reach 34% of the probability to find the 1-o

intervals. The resulting counts for the LER is 55.3ﬂg:2 and for the HER we have 119.91%2:2.

Using an external value for the flux, i.e. that predicted by the B16-GS98 SSM, we can convert

these values to a survival probability. This can be done using the fitted rate of elastic scatters in
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Figure 7.4: Posterior distributions of the three solar neutrino energy regions.

the LER and HER, which we will generically call Rgg, and comparing it to the expected number

of scatters. Specifically, we want to compute

P = M (7.2)
ee R}/e — Ryu/l/‘r' .
Ry, and R, ,; can be undestood as the number of interactions expected given a pure beam of that
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flavor of neutrino, which is given by
R,, = N,®(®B)e, / Opoe-(Ev)SR(E)AE, (7.3)

and

R, . = N2(*B)e,, . / G ore-(E)Sr(Ey)dE, (7.4)

where €, is the signal efficiency for a given neutrino flavor, E,, is the incident neutrino energy, and
Sr(E,) is a unit normalized efficiency of the energy cuts applied for the energy region in which
the flux is being measured. The flux ®(®B) is taken to be 5.03 x 10°cm—2s~! [82], the number of
electron targets N, is taken to be 2.6262 x 1032 [83], and Oy, is the neutrino electron scattering

cross section for a given neutrino flavor.

Turning the crank and calculating a survival fraction for the LER we find P..(E, = 7.11 MeV) =
0.6770:35 and for the HER we have Pp.(E, = 8.16 MeV) = 0.30700¢ A plot showing the P, values

measured here relative to the ones measured by Borexino can be seen in Fig. 7.5
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Figure 7.5: The survival probabilities measured by Borexino [32, 31], as well as the ones measured
in this work.

Of course, the errors on the LER region make it hard to say anything definitive regarding the
agreement between the MSW transition region and the measured value of P... The measured
survival probability of 0.67 is significantly higher than the expectation of ~0.36, with a tension of
around 1.40. While this may provide a hint of an unexpected high flux of low energy neutrinos in the
8B spectrum, it is difficult to make any definitive statements without a more accurate measurement.

Additionally, the measured and expected P, for the HER agree well.

SNO-+ does have another dataset with roughly 3 times the livetime that will be added to this
analysis, which will provide much more stringent constraints. It is also worth noting that this
result probes a region of solar neutrino energies that has not been probed by any experiment to
date. While the average neutrino energy detected in the LER is similar to that seen by Borexino
and water Cherenkov detectors, as can be seen in Fig. 7.2, there is a population of neutrinos from

~2-3 MeV measured in this fit that has not been measured before.
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CHAPTER 8

Tellurium Phase Fits and Sensitivity Projections

While there is not yet Tellurium in the SNO+ detector, enough progress has been made towards
the Te-phase (for descriptions of the different SNO+ phases see Sec. 3.4) that it is worthwhile
to review the physics capabilities of the experiment. One notable improvement over previous
sensitivity projections is that we can now fold the current optical model of the scintillator into our

optical models used to generate simulations of the Te-phase datasets.

Unfortunately, the scintillator in the detector has a much lower light yield than was expected before
the scintillator phase (3.4.2). This means that unless there are some unexpected effects that cause
the light yield to decrease less aggressively during the Te loading, the previous simulations of the

Te phase over-predict the light yield by a non-negligible fraction.

This chapter will present new results of fits to the Te-phase simulated datasets taking into account
this decrease in light yield. These simulated datasets are called “productions” in SNO+ jargon.
The fitting framework and approach used in this chapter are all identical to those discussed in
previous chapters, except we will not need to utilize the nested sampling algorithm since we are no

longer considering multiple models.

As a quick reminder, the region of interest (ROI) for the neutrinoless double beta decay analysis
is very similar to the low energy ®B solar neutrino analysis showed in the last chapter. The Ov3f
endpoint for 139Te is 2.53 MeV, which sits within the ROI for the ®B analyis. This means much of

the discussion from the last two chapters regarding backgrounds also applies here.
8.1. Expected background rates

The background rates used for the Te loading analyses can be seen in Tbl. 8.1. These rates are
include the impacts of the measured rates currently in the detector, as well as the expected effects

of the Te loading process, which is expected to increase the backgrounds by a substantial amount.
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Background ‘ Rate (per year) ‘
B8 Solar Nue 1.15 x 103
Tel30 2n2b 4.60 x 10°
Bipo212 6.29 x 104
Bipo214 4.10 x 10°
TI1210 8.61 x 10!
Pmt Betagammas 6.20 x 104
Pa234m 6.70 x 10°
T1208 Hdropes Shell 3.26 x 10°
1130 5.47 x 10°
Co60 1.84 x 10°
TI1208 Av 3.15 x 10°
Ga68 2.03 x 10!
T1208 Exwater Shell 8.62 x 10°
Na22 1.96 x 10°
Alphan Telab 13c Delayed 1.00 x 107
Bi214 Av 2.69 x 109
T1208 Hupropes Shell 3.50 x 104
1130m 6.50 x 10°
Bi214 Hdropes Shell 5.71 x 10°
Bi214 Hupropes Shell 6.10 x 10*
T1208 2.26 x 10*
Bi214 Exwater Shell 2.03 x 107
Cob6 7.50 x 1071
Sc46 5.30 x 107!
Ac228 6.29 x 10*
Cob8 3.01 x 10°

‘ Background ‘ Rate (per year) ‘
Tel30 2n2b 1.37 x 107
B8 Solar Nue 1.15 x 103
Bipo212 4.80 x 104
Bipo214 4.47 x 10°
T1210 9.39 x 10"
Pa234m 6.90 x 10°
Pmt Betagammas 7.60 x 10*
C10 Scint 1.77 x 10!
1130 1.64 x 10!
Co60 5.09 x 10°
Gab8 4.43 x 10
T1208 Hdropes Shell 3.26 x 10°
TI1208 Av 3.15 x 10°
Na22 5.10 x 10°
T1208 Exwater Shell 8.62 x 10°
Alphan Ls 13¢ Delayed 6.80 x 10*
TI1208 1.73 x 104
1130m 1.95 x 10*
Y88 1.58 x 107!
Sh124 1.43 x 1071
Agm110 6.21 x 1072
Bi214 Exwater Shell 2.03 x 107
Rh106 5.32 x 1073
Bi214 Hdropes Shell 5.71 x 10°
Ac228 4.80 x 10*
Rh102m 8.81 x 107!
Sb126 1.49 x 1074
Agl10 8.40 x 10~*
Rh102 5.53 x 1071
Bi214 Av 2.69 x 10°
Sh126m 1.63 x 107
K40 5.20 x 10*
C11 8.85 x 102

Table 8.1: Expected backgrounds rates in the 0.5% (left) and 1.5% (right) phases.

8.2. Calibrations

Similar to what was shown in Sec. 4.3.3, the energy and ITR values are not quite independent of

radius and ITR in both Te productions, requiring that we apply a correction similar to what was

done with the basic scintillator phase data.
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The results of the calibrations can be seen in Fig. 8.1.
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Figure 8.1: Left: The results of the energy correction applied to the tagged Te production 2'*Bi
events. Right: The results of the ITR correction applied to the same events.

Similar to what we saw in the basic scintillator phase, the correction in energy is small inside the
4.5 m fiducial volume while the correction in ITR is large. We can also see a stark difference
in the ITR means for the 0.5% and 1.5% productions, which is expected since the decay time
constants of the scintillator model used in the 1.5% production are shorter than they are for the
0.5% production. This is because we add the secondary fluor bisMSB as we add Te, which in turn

makes the scintillator “faster”
8.3. Coincidence and classifier cuts

Since the 233U and 23?Th rates go up in the Te-phase, much effort was spent on trying to optimize
our classifier cuts to provide the highest sensitivity to the Ov signal. ITR effectively removes one
of the dominant backgrounds of in-window 2'4Bi and 2'?Bi events as they typically have distinct

double peaked hit time residual distributions, biasing them towards lower ITR values.

The ITR cut used on each production dataset is determined by finding where the derivative of the

receiver operating characteristic (ROC) meets the following condition:

deg €s
s _ s 8.1
dep, €5+ 2¢ (8.1)

147



where €5(c) and €,(c) are the signal and background efficiency as a function of the ITR cut ¢. The
signal is only the Ov signal and the background is assumed to just be the 212Bi?!?Po background
since that is the dominant in window background. The ROC curves can be seen in Fig. 8.2. The

optimal ITR cut removes ~98% of the in-window 2'2Bi?'2Po background.
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Figure 8.2: Left: The ROC curve of the ITR cut for the 0.5% Te production where the signal is
just the Ov events, and the background is only the in-window 212Bi?!?Po events. Also shown is the
optimal ITR cut based on the derivative of the ROC curve. Right: The same but for the 1.5%
production.

Coincidence cuts similar to the general coincidence cut discussed in Sec. 5.2 are also applied to

remove the out of window coincidence backgrounds like 2Bi?™Po .
8.4. Backgrounds in the region of interest

It is important to precisely understand the background contributions within the Ov55 ROI. We
represent this visually in two distinct ways, one is a spectral plot of the backgrounds within a small
window around the Ov signal, and the other is a pie chart where the sizes of slices are defined by
the backgrounds contributions in the O ROI. Note that the cuts used to create the plots shown
in this section are supposed to give some intuition on which backgrounds will be important in the

Te-phase rather than optimize the significance of the result.

The spectral plots for the 0.5% and 1.5% productions can be seen in Fig. 8.3.
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Figure 8.3: Plots showing the expected background contributions in a region near the Ov ROI for
0.5% (left) and 1.5% (right) productions. Note the difference in y-axis scales.

Clearly the backgrounds are much higher in the Te-phase than we saw in similar plots from the
basic scintillator phase. Furthermore, we can see the impact of the dominant Te-phase background,
the 2v34 decay of %Te. This is especially clear when comparing the 1.5% and 0.5% plots directly.
Not only does the 2v33 increase by a factor of 3, but the worsening of the resolution, which is
directly due to the decrease in light yield caused by the addition of more Te, can clearly be seen
in the much larger tail of the 2v54 distribution. It is also clear that this tail substantially overlaps

with the Ov36 distribution. These conclusions are also made clear in the pie charts, shown Fig. 8.4.
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Figure 8.4: Pie charts showing the expected background contributions in the Ov ROI for 0.5% (left)
and 1.5% (right) productions. The ROI is somwhat arbitrarily defined as -0.5 ¢ to 1.5 ¢ around
the OvBp peak where o is the energy resolution at the Orv endpoint.

As is mentioned in the caption, the ROI used in the pie charts does not maximize the sensitivity
to the Ovfp signal. In reality, as the loading increases the ROI that does maximize the sensitivity
moves towards higher energies to avoid large contributions from the 2v35 signal. This is effectively
the balancing act one must play when deciding the amount of isotope to load into an experiment like
SNO+. The 2vf/3 rate increases linearly with the loading, but the energy resolution will eventually
become so poor that it becomes impossible to differentiate the 0v55 events from the 2v background.
Thus there is an optimum somewhere as one loads more isotope; for SNO+ this sits somewhere

roughly around 1.5% - 2.5% loading.
8.5. Half life and mgg limits

Of course, the interesting parts of this chapter are the expected sensitivities of the SNO+ detector.
The fits in this chapter are 2D fits in energy and (r/74y)3, where we cut on ITR at the optimal
value shown in Sec. 8.3 rather than included as a dimension in the fit. The fits go out to radius of 5
meters, whereas fits in the previous chapters only went out to 4.5 meters. The fits are all performed
to Asimov datasets. Once the MLE values have been found, we walk the parameter space of the
OvBp signal and re-minimize the -In £ at each point to compute the log-likelihood profile ((Eq.
(40.41) [14])).
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The log-likleihood profile is then fit with a parabola, and the parameters of the parabolic fit are
then converted into the standard deviation of a Gaussian. This standard deviation is then used to
calculate the corresponding 90% C.L. Even though this is not completely rigorous, as we will see
the profile curves are approximated very well as parabolas (and therefore Gaussians), meaning any
systematic errors introduced in this statistical treatment will be small. The profile log-likelihood

can be seen in Fig. 8.5.
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Figure 8.5: —21In £ constructed by profiling the log-likelihood with the profile points shown in black.
The blue curve is a parabolic fit, which is then converted to a normal distribution, the parameters
of which are shown in the legend. These parameters are then used to analytically calculate the
90% C.L.

The resulting half life limits associated with the limits computed from the profiles shown in the

026 026

figure are 1.7 x 10°° yrs for 3 years of livetime at 0.5%, and 4.3 x 10<° yrs for 5 years of livetime at
1.5% loading. Using a phase space factor of G = 3.70 x 10~ yrs~! and matrix elements ranging
from 1.37 to 6.366 [84], the resulting mgg limits are 35 - 164 meV for the 0.5% dataset, and 20 - 95
meV for the 1.5% dataset. Therefore we can see it is unlikely for SNO+ to set a world leading limit
at 0.5% since Kamland-Zen’s limit is 3.8 x 106 yrs, but at 1.5% loading SNO+ can set a world

leading result in under 5 years of livetime.

It is worth recalling Fig. 2.12. As can be seen in the plot, SNO+ does gain a little bit on Kamland-

Zen because the nuclear matrix elements are in our favor, but we will still need to load to 1.5% to
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definitely pass Kamland-Zen’s limit. This is reflected in SNO+’s current schedule, as we intend to

load to 1.5% as soon as the Te to do so is acquired.

We should also mention that the limits shown in Fig. 2.12 are slightly more agressive than the ones
found in this dissertation, where the disagreement is by about 20%. The reasons for this are known,
the ROI external rates and 2v35 rates used in this analysis and the analysis used to calculate the
limits shown in Fig. 2.12 disagree, and when this disagreement is manually removed then the half
life limits calculated by the two approaches are identical. Work is ongoing to try and find the

source of the disagreement.
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CHAPTER 9

Conclusions

The main physics result of this dissertation is the measurement of the electron neutrino survival
probability using the lowest energy population of 8B solar neutrinos to date. This measurement
required a large amount of work developing the backgrounds model at around 2 MeV, since a naive
backgrounds model based on what is typically present in scintillator detectors did not adequately

explain the backgrounds seen in the SNO+ detector.

Instead, an “empirical” backgrounds model was constructed based on the basic scintillator dataset,
which consists of a generic /v emitter, with an endpoint of 2.42 MeV and the fraction of energy
given to the § relative to the v is 0.35, and another pure v emitter with an energy of 2.18 MeV.
The ability to float these empirical backgrounds during fits to the data required the creation of a
novel new optimal transport PDF interpolation strategy, allowing for the smooth interpolation of

complex N-dimensional PDFs.

Furthermore, a Bayesian approach was used to compare other empirical models and quantitatively
show that this model is indeed the most well motivated based on the data and the relative com-
plexities of the models considered. This required the use of the nested sampling algorithm, which
provides estimates of the log of the evidence for each competing model, as well as estimates of the

posteriors of all the parameters in the fits.

This empirical model was then used in likelihood fits to the 237.4 day basic scintillator phase
dataset to measure the ®B solar neutrino flux down to energies of 2.4 MeV, providing survival
probabilities sensitive to never before probed 8B solar neutrino populations. The resulting survival
probabilities are P..(F, = 7.11 MeV) = 0.671):2 for the low energy region (LER) and P..(F, =
8.16 MeV) = O.30f8:8£ for the high energy region. E, is the average solar neutrino energy in the
each of the respective regions. The LER measurement is in tension with the MSW-LMA solution

at 1.40. While the large errors on the survival probability in the LER make it difficult to make
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decisive statement regarding the validity of the MSW solution in the transition region, including
all additional data taken by the SNO+ detector will increase the livetime by a factor of 3 which
should allow for a much more accurate measurement. The HER measurement does agree well with

the MSW-LMA solution in the well established matter effects dominated part of the solution.

Following the solar neutrino fits, we also discussed the expected Ov33 sensitivities of the SNO+
detector during the Te phase. Shown in this dissertation were updates to the expected sensitivities
using optical models and backgrounds models based on the current detector state. The predicted
half life limits are 1.7 x 1026 yrs for 3 years of livetime at 0.5%, and 4.3 x 10?6 yrs for 5 years of
livetime at 1.5% loading. The resulting mgg limits are 35 - 164 meV for the 0.5% dataset, and 20
- 95 meV for the 1.5% dataset. At 1.5% loading SNO+ can set a world leading result in under 5

years of livetime.

In the near future, the inclusion of more data to the low energy ®B rate fits will provide a much
more stringent test on the MSW-LMA solution in the transition region. Novel techniques involving
improved multisite classifiers and the utilization of directional information from the solar neutrino
events to discriminate between backgrounds and the 8B events are also being investigated to improve
the results here. No comment is made on the sensitivity of these potential future analyses, but

they can only improve our current understanding of the MSW transition region.
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APPENDIX A

The Likelihood Function and Bayesian Inference

A.1. The likelihood function and maximal likelihood estimation

In principle, the idea behind the likelihood function is simple — first consider a random variable
x as a collection of measurements (x1, 9, ...,xy) which are each distributed according to some
probability distribution function (PDF) f(z;) for z; € x. Note that each x; can in principle be
some vector itself if each measurement consists of multiple variables, like a Cartesian x and y
position. We can then calculate the probability p(z) of observing some sequence of independent
measurements of z as
N
p@) = f(a1)f(w2)...f(en) = [] ().
j=1
If f(x) can be parameterized in terms of some collection of parameters 8 = (01,62, ..., 0,), then we
can also write
N
L(z|0) = T] f(x;10) (A.1)
j=1
where we have replaced p with £, as is typically used to represent the likelihood. We have also
introduced the notation f(z;|f) which just means the function f evaluated at z; given some value

6. We will often drop the (...|) or (]...) if it is not contextually important, especially when discussing

L since we are usually interpreting £ as a function of z, i.e. L£(z]0) — L(0).

The idea behind MLE is to try and find the 6; that maximizes the probability p(f|x) for a given set
of observations x. Of course, we know that a maximum in the likelihood indicates a zero-crossing

in the derivative of the likelihood, so we can express this in terms of partial derivatives as

oL
00;

—0. (A.2)

We will refer to the point that fulfills this conditions a 6. Finding 0 is the game of MLE.
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In the complicated situations physicists typically find themselves in, £(#) will not be described by
some analytic function. Often the PDF’s used to calculate £ will be generated through simulation,
therefore there is no way to analytically calculate at what collection of the 6; will satisfy the
condition in A.2. Instead, we rely on numerical techniques to calculate the value of L(6) for

different values of the 6; and to find the points that fulfill A.2.

Rather than using A.1 directly, we often instead work in terms of —InL(#), which is called the
log-likelihood function. This provides a few benefits, the major one being that if we recall that

In(zy) = In(z) + In(y) then we can see that A.1 becomes

N
~InL(0) = > Inf(a)
j=1

which is much easier to compute since addition is a cheaper operation than multiplication, and
since N might be very large, this helps keep the numbers involved in the computation within double
precision. The minus sign is a convention to ensure the maximal likelihood occurs at a minimum
rather than a maximum. We also don’t need to worry about the point of maximal likelihood being

different than the point of minimal log-likelihood since the log function is monotonically increasing.

While £(x]6) is a useful quantity, another useful result we want to consider is p(f|x), called the
posterior density, or more plainly the probability of a given value of 8 given the data x. If we recall

Bayes’ theorem:

paip) = PO TE
we can write p(f|z) as
p(f|z) = W (A.3)

Immediately, we can recognize p(x|f) as the likelihood function £ but we have not yet encountered
the other two quantities p(f) and p(z). Perhaps the easier quantity to interpret is p(), which is a
measure of the belief we have in a particular value of the 6;’s before considering the measurements

x. This term is what we typically refer to as a prior, often written as ().
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p(z) on the other hand becomes more clear when we recall the fact that p(f|x) must be normalized
over the space 6, implying that p(z) = [ L(f|z)7(6)dd. This term is the probability that we
observed the set of measurements x given our prediction of the distribution of x for any given 6
(the likelihood), while also factoring in our prior beliefs in the values of the 6. p(x) is quite literally
the probability of measuring x, given any possible form of our model and our prior beliefs regarding

the model. People will often refer to p(x) as the evidence or Z.*

We are finally at the point where we can write the posterior density in its most recognizable form:

L(z]0)m(6)

p(0lz) = 7

(A.4)

A.2. Bayesian model comparison

The previous section considered a single model M which is described by some number of parameters
(01, ...,8;) Now if we consider a situation where we have multiple competing models and we want
to compare or combine predictions from the different models, we must try to compute p(M|x), or

the probability of a model M given the data x.
Applying Bayes’ theorem again, we find

p(z[ M) (M)

p(M|z) = ()

(A.5)

where now p(z) is a sum over the different models we are considering, p(z) = ). p(x|M;)p(M;),
and 7(M) is the prior we assign to a given model. Although in the previous sections we stated
p(z) = Z, there was an implied conditional term since this was the p(z) for a given model, M. Being
pedantic, we should write Zy; = [ L(z]0, M)w(0)dd = p(z|M), therefore the posterior probability
for a given model is directly proportional to the evidence. Rewriting p(M|z) we now have

_ Zym(M)

p(M|z) = o) (A.6)

“While this normalization is often treated as an afterthought, it will become important shortly.
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If we want to compare the relative probabilities between two models, M; and Ms, we can use the

Bayes factor By
p(z|Mi1)m (M)

p(Mi|z) (@) Zym (M)
Bio = = = A7
P p(bfr) M OR)  Zyn(My) (A7)
P\
and if the priors are the same then then By = %

We can also think of “marginalizing” over the different models given a parameter 6; that is shared
between all the models under consideration. This can be represented as the weighted sum of the
individual model posteriors of the parameter of interest. where the weights are the prior weighted

evidences of the different models:

pltyfa) = 3 P 2w (A8)

In the analysis presented in this thesis, we will consider many different background models, and
as such we will make use of the results in this section to compare and combine their results. This
means accurately calculating the evidence for the different models will play an integral role in this

analysis.
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APPENDIX B

Nested Sampling

B.1. Nested sampling

This discussion will closely follow Skillings’ original paper introducing nested sampling [79], while

also taking some inspiration from [85].

Recall the evidence Z from Eq. (A.4) which is the normalization constant of the posterior p(6|z) and
equal to [ L(z|0)m(0)df. For the measurement presented in this thesis, the number of parameters in
a given model (which is the dimensionality of 0) is typically between 20-30. Therefore calculating the
evidence requires one to evaluate an N-dimensional integral (where N is the number of parameters)

over the entire parameter space allowed by the prior, 7(#). °

Obviously, calculating Z becomes prohibitively expensive for complicated models if one is not care-
ful. Nested sampling sidesteps the dimensionality issue by converting the N-dimensional integral
over 6 into a 1-dimensional integral over some new measure. Of course, we must take care when
selecting this new measure to keep the result of the 1D integration consistent with the N-D in-
tegration. Rather than trying to explicitly calculate a transformation to this new measure, the
nested sampling approach instead builds up an approximation to this 1D integral through strategic

sampling of the likelihood space.

First we define the cumulative prior mass enclosed within some boundary in the likelihood space

/ m(0)d = X (\) (B.1)
L(O)>\

which is a function of the value of the likelihood, A, at which we impose the boundary. A\ will

vary from 1 to 0, starting out covering the entire prior space when A = 0 and covering none of the

5Typically, the direct calculation of the evidence is avoided, essentially by considering ratios of the likelihood
between different values of 6 to approximate the posterior distribution. Unfortunately, this analysis will require the
consideration of many different models, and in order to compare between the different models we must explicitly
calculate Z.
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Area Z

0 X 1

Figure B.1: Plot of the 1-dimensional function f(X) and the integral Z. Taken from [79].

space when A = max L. We can also define the inverse function that maps the cumulative prior
mass X back to A\, f(X) where f(X()\)) = A\. Fig. B.1 schematically represents what this function
f might look like. This allows us to write the volume contained in one small region of f(X) as

f(X)AX = ArA0 = AZ. Going from discrete to differential quantities we find

Z:/O F(X)dX. (B.2)

While we have made a big step forward by converting the N-dimensional integral in 6 into a 1-
dimensional integral in X, evaluating Eq. (B.2) does require us to order X in terms of decreasing
likelihood. In other words, we have essentially unraveled each of the dimensions of 8, using the
likelihood to decide how to order the points, and any 6 = (61,...,6;) will get mapped to some
point Xj. If we assume that we have carried out this sorting operation, then approximating the
integral in Eq. (B.2) becomes easy — we can compute a 1D Riemann sum using Z = ) |, AX;L; =

Zi (Xz — Xi—l)Lz'~

Now we must try and come up with a way to decide on the X;. First note that typically the bulk
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Figure B.2: The mapping of 0 to X. From [79]

of the posterior mass lies in some small region of the prior space, so we would benefit by spacing

the steps linearly in logX rather than X, i.e.
X1 =11, X2 = t1t9, ..., Xz =11...t;, oony Xk =t1...1%

where each t; is between 0 and 1. One process for choosing a new point could be to randomly select
a point X; from the prior space such that X; < X;_1, and the relationship between subsequent
points would be X; = X;_1t, with ts being uniformly distributed between 0 and 1, just as we
wanted. But this still leaves the difficulty of going from values for the Xs to L;. But here is the
trick of nested sampling, if we instead sample in 6 according to the prior 7(6) for points that satisfy
the likelihood constraint £(6;) > L£(0;_1), then we end up with random points distributed in the
same way as if we did the sampling directly in X. By sampling in # we avoid explicitly working in
terms of the X coordinates, saving us from having to actually carry out the sorting of the likelihood

points.

We still need to know the spacing AX; at each step in order to calculate the Riemann sum. While
we can’t find the spacing for a specific choice of the X's (since that would require us to carry out

the sorting procedure), we do know statistically how each X is related to previous Xs, i.e. by some
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factor t; € Uniform(0,1). If we consider a sampling technique where we sample N points distributed
within the restricted prior volume and take the point with lowest likelihood as our sample, we now

have the following relationship between X;, t;, and N
Xo = 1, Xi = tin‘—h p(ti) = NtZN_l (B3)

where p(t;) is the probability distribution of the t;s, which comes from the fact that ¢; is the

maximum of N samples from Uniform(0,1).

Using p(t;), we can show that the log of the ratios ¢ between samples when using this technique

has mean and standard deviation

1
Ellogt] = N and Var[logt] = —. (B.4)

2=

The intuition here is that as we have more samples to consider, the rate at which the prior volume
shrinks between each sample decreases exponentially. Specifically, after i steps we can expect the
prior mass to shrink by logX; ~ —(i & v/i/N). This statistical description of the prior mass
shrinkage every time a new sample is drawn according to the technique outlined above allows us
to approximate the weights of the Riemann sum. Thinking in terms of the 6’s rather than the
X’s, each sample in X represents a contour of constant L; with prior mass X;, as is shown in
Fig. B.2. One can try to sample the likelihood space directly to measure this shrinkage factor, but
the approach taken in this work is always to just use the statistical relationship defined above. An
important note is that when this sampling process is done iteratively, only the lowest likelihood
sample in the N samples needs to be replaced, the other N-1 samples are already a uniform sample

of the prior space that fulfill the likelihood constraint.

Now we can full define the nested sampling algorithm:
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Algorithm 1 Top level nested sampling algorithm

: NeN

samples +— [N]

for j in N do > Fill array with initial samples from prior
Find point 6 by sampling from m(6)
samples|j] « 0

end for

Z+0

X() ~0

terminate < false

11

: while not terminate do

Find sample € samples with lowest likelihood and index [

01, <+ samples][l]

L L < ﬁ((g L)

X; e_i/N

w; +— X; — X1

J— 7+ ELU)Z'

0 « getNewSample(Lr,) > getNewSample must sample from 7(0),

but constrained such that £(0) > L,

e e e e e

19: samples[l] < 0

20: i—i+1

21: terminate < shouldTerminate() > Decide on whether or not algorithm should terminate

22: end while

23: for 0 in samples do

24: Z+— 7+ %Xi > Fill in remaining space 0 < X < X; based
on average likelihood of surviving points.

25: end for

As can be seen above, the only parameter required by the nesting sampling algorithm is the number
of samples considered at each iteration, N. This value is typically referred to as the number of live

points.

While this algorithm provides a top level view of how nested sampling works, there is still some
complexity that we have abstracted away, contained in the functions “shouldTerminate” and “get-
NewSample”. First we will discuss shouldTerminate, which decides on when the nested sampling
algorithm should stop. In [79], Skilling provides a useful heuristic based on the information
H = [log(4£)dX, where dP = p(0)df and dX = m(f)df. Colloquially, the information repre-

sents how much additional posterior mass is being gained per additional prior mass. A natural
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place to end the algorithm is when additional iterations are providing only modest improvements
in the information, H. The amount of information we expect to gain per iteration also depends
on the number of live points, so we want to terminate when ¢ > aNH where « is some arbitrary

factor that is ~1. In the nested sampling runs used in this analysis « is set at 2.
B.1.1. Slice sampling

Arguably the most challenging part of the nested sampling algorithm is the process of selecting
new samples, which is taken care of by “getNewSample” in algorithm algorithm 1. Selecting new
samples is difficult because as the dimensionality of the parameter space grows, the fraction of the
parameter space with £(0) > L, shrinks exponentially. This means that effectively sampling the
prior space becomes one of the bottlenecks in the computation of this algorithm, but perhaps even
more importantly the validity of the nested sampling algorithm hinges on the new samples being

pulled uniformly over the prior space m(f).

In this work we employ a technique called slice sampling, introduced in [86], to replace the lowest
likelihood points at each iteration in the nested sampling loop. Slice sampling efficiently and
uniformly samples from a multidimensional probability density by updating the coordinates of a
starting point one by one, avoiding the difficulties of rejection sampling many dimensions. Slice
sampling can also be generalized to updating multiple coordinate dimensions at once, which is useful
for minimizing the time spent updating dimensions that result in expensive likelihood calculations,
like systematics that are applied as shape changes to the underlying model PDFs. We will first
discuss the case where we update coordinates one by one and then move on to the multi-dimensional

case.

Slice sampling requires that we start with a point 0 = (éo,él, ...) which we will update to a new
point. In our nested sampling loops it is easy to find the starting point 6 since the live samples
are already are a uniform sample of the coordinate space constrained such that £(0) > Lr, the
likelihood value of the point we are replacing, so we randomly set 6 to one of the live points. The
next step is to then take the first dimension we would like to update and find the minimum and

maximum values such that L’(é) = L}, where we only vary 6 in the dimension that we are currently
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updating. The minimum and maximum values then define the lower and upper bounds (L, R) over
which we can sample 7(6)° to find a new value for the coordinate. Then this process is repeated

for every dimension.

There are a few options for finding the bounds (L, R) over which we sample the prior. The technique
used in this work is referred to as the “stepping out procedure” in [86], which ,as the name suggests,
just means that we step out by some width w from the ends of the region until we have a segment
where £(0) < L1, at both ends. One pitfall of using this approach is that when we draw a sample
from ;(6;) and update 0, there is no guarantee that £(f) > £, since the bounds will always extend
slightly past £(0) = L, due to the nature of the procedure. The part of (L, R) that does not satisfy
the likelihood constraint may in fact be a substantial fraction of the entire region since the width
we extend the different ends by should be large enough to quickly find the bounds of the region
surrounding the initial starting point. Therefore to ensure that the new point is still within the
likelihood constraint, we must calculate E(é) every time we update é, and try another point along

the dimension 6; if the likelihood value of the point is not above the constraint.

The stepping out procedure also requires an input length that defines the step size w that we step
out by at each point in the loop. At the outset of the nested sampling run, the only information we
can use to decide on the value of w is the bounds of the parameter, since that guarantees that we
will sample over the entire parameter space. As the fit progresses though, the likelihood constrained
region of the parameter space that is accessible is typically much smaller than the bounds of the
parameter. To monitor the shrinkage of the accessible regions of the parameter space we can keep
track of the sampling bounds that resulted in acceptable parameter values and use that information
to guide what the initial step size should be for subsequent parameter updates. In this work, we

use a per parameter exponential moving average (EMA) to keep track of these widths.

Now that we have high and low bounds, we could find a new point through brute force — just

re-sampling m;(6;) from (L, R) until we find a point that satisfies the criteria. But we can minimize

STypically 7(0) is separable, meaning that 7(0) = HZN:O 73 (6;) where N is the dimensionality of . This means we
can trivially sample the prior along a single dimension € by sampling from a uniform distribution and pushing that
through the quantile function of ;.
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the number of times we calculate the likelihood if we update the bounds over which we sample
every time we fail to find a point that meets our criteria. The updating process used in this work
is the same as what was outlined in [86], if the new value of 6; is smaller than 0; we replace L with
0;, and if the new value of 6; is larger than él we replace R with ;. This allows us to refine the
range over which we do the sampling in a way that will always converge to a point that satisfies

the criteria.
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Figure B.3: A summary of slice sampling. Process begins with a step width w and a point z.
There is some allowed region over which we would like to sample, represented in blue. ¢ shows
the result of the stepping out procedure where upper and lower bounds have been found where the
allowed region ends. In d a random sample as has been taken over the range in black, resulting in
a point that falls in the region between the true lower bound of the allowed region and the lower
bound of the region found in the stepping out procedure. At this point we update the lower bound
of the sampling region to be x1, shown in step e. Step f shows a sample in the allowed region being
selected, which results in the termination of the slice sampling loop. From [87].

A helpful image outlining this process can be seen in Fig. B.3.
B.1.2. N-dimensional slice sampling

The process is much the same when we want to update multiple dimensions at once. We will call
the multiple dimensions being updated simultaneously the “expensive subspace”, since typically we

will group any parameter that is expensive to recalculate into this collection of dimensions.
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The first step is to randomly choose a unit direction vector with the same dimensionality as the
expensive subspace, and then repeat the process used in the 1D space along this random direction.
To accomplish this, we take a vector where each element is an independent sample from a Gaussian
distribution with mean and standard deviation 1, and then use the unit vector of this vector as
the direction vector. It turns out that this process uniformly samples the surface of an (N+1)

dimensional sphere [88].

Once we have the random direction, we essentially just repeat the 1 dimensional process along the
line traced out by the direction vector through the expensive subspace. But the validity of the
nested sampling approach requires that we correctly sample from prior distribution, which is more
difficult since there is no trivial way to sample along this line while also sampling uniformly in 7(6).
What we can do, though, is work in what is referred to as the unit-hypercube space, where we map
each dimension #; onto a new dimension, which we will refer to as u;, where the prior becomes
uniform on the interval u; € [0,1). This can be accomplished by using the quantile function of
the prior PDF to transform points in u-space back to 8 space. Now that we are working in a
transformed version of the expensive subspace where each parameter is uniformly distributed from
0 to 1, uniformly sampling along the line traced out through the space by the random vector will

still provide unbiased sampling of the priors in # once we transform back from u-space to 6 space.

Another difficulty introduced by the multiple dimensions is that the initial step-size s at each
iteration are not as straightforward to set. To see why this is the case, we can imagine a scenario
in which the expensive subspace is 2 dimensional. Even though we are able to make the prior
distributions uniform by working in u-space, this of course does not guarantee that the likelihood
space is uniform. Therefore we can imagine a scenario where the & direction in the expensive
subspace has a region where (L)(6) > £, that is much smaller than the § direction. In this case, if
the random direction vector is pointed completely along the Z or ¢ direction, the starting step width
will be either much too large or much too small if previous direction vectors have been pointed

mostly along the other dimension.

The way we can fix this is to keep track of the correlations between the direction vector and the
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bounds that resulted in the acceptable sample, all of which is encoded in the covariance matrix, 3,
of the parameters that form the expensive subspace. The live points can be used to calculate ¥ of
the expensive parameters, which must be continuously updated as live points are replaced. In the
nested sampling runs used in this work, ¥ is updated every 10" replacement to the live points. s

is calculated each time the expensive parameters are updated using s = d’ Xd.

While this process should provide new points that are uncorrelated from the current live points in
the nested sampling run, other nested sampling libraries have found that slice sampling can select
new points correlated with the seed points [85]. To try and mitigate this effect, the slice sampling
algorithm can just be chained together where the output of one iteration can be used as the input to
the next. If the slice sampling is indeed selecting correlated points, this process can help the points
de-correlate over many iterations. In this work, somewhere around 10-20 slice sampling iterations
are used per explore step in the nested sampling loop. This can be prohibitively slow if expensive
parameters are updated every iteration of the slice sampling, so expensive parameters are instead

5th

updated every slice sampling iteration, and are always updated on the first iteration.

Even though the nested sampling algorithm was designed to calculate the evidence, the samples
and weights of the removed live samples (which are referred to as dead samples) during the run
also provide a great deal of information. These points are essentially prior-weighted samples of the
likelihood space, which themselves can be weighted by the Z; = w;L; of the 4™ sample relative to
the total evidence Z. Formally, we can say that the posterior of a given dimension p(6;) can be

calculated using

p(b;) = 7 (B.5)

M=

7=0
where 6;; just means the i*h component of the j* sample and M runs over the total number of

samples.
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APPENDIX C

Measure Theory, Optimal Transport, and PDF Interpolation

C.1. Probability through measure theory

We physicists, especially myself, tend to take a laissez faire attitude towards our treatment of
statistics. But when working with probabilities as pure mathematical objects, some rigor is neces-
sary. Thus, before we dive into optimal transport, it will be helpful to provide some background
information on the measure theoretic approach to probability theory. A more formal treatment can
be found in [89], sections specifically useful for the discussion here are 2, 3, and 10-14. Often times
rigor comes at a cost and can leave little room for the use of our intuition, so I will try to toe the

line between formality and approachability in this section.

The foundational objects for probability theory are the sample space €2, an event space F, and a
probability function P. € contains all the possible outcomes of a random process, such as heads (H)
or tails (T) for flipping a coin or the subset [0,1.0] C R when sampling the uniform distributions
from 0 to 1. F contains subsets of {2 which are called events, which can be simple events like the
coin landing on heads, or more complicated events like a dice roll resulting in an prime number.
More precisely, F is a o-field 7 , meaning that elements of F are measurable, and is required to
contain €2 and be closed under the formation of complements or countable unions. The largest set
F could be is the powerset of €2, but it can be smaller. P is a function that maps elements of F
to values from [0, 1] which are probabilities, or the likelihood of the occurrence of a given event.
These objects together form what is referred to as a probability space. Note that every subset of
Q) need not belong in F, which is why this formalism is useful — this helps correctly formalize the

concept of probability when the sample space is continuous.

We must also formalize the idea of a random variable. Using our intuition, it is clear we want

"We are avoiding a lot of detail here regarding the construction of the field F such that it is a o-field since that
doesn’t provide much utility for our purposes. Requiring that F is a o-field avoids pathological examples that make it
difficult to assign probabilities in situations where 2 C R. When we are working with sample spaces that are subsets
of the real numbers, we will take F to be the Borel sets on 2 which is what we mean we say “measurable space”.
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a function that maps the potential outcomes of a random event, which is the sample space, to
relevant values given the outcome. In the case of the coin flip, we have the sample space { H,T }
and we can define random variable as the mapping that returns 1 in the case of heads and -1 in the
case of tails. More formally, we would say that a random variable is a function that maps elements
of the sample space ) to another measurable space. A more general random variable is the average
of 2 dice rolls — the sample space is { {1,1},{1,2},{2,1}...,{12,12} } but F in this case would
be a {1,1.5,2,... }, all the possible averages. We can also see that the random variable must have
probabilities for every possible element in it’s image, so we require that X ~(0) € Q for any o € E.
Without this requirement we could have outcomes of a random variable that are not in the domain

for the probability function of our probability space, which is clearly not what we want.

In cases where the random variable X maps to a measurable space £ C R, we can see that X is
a real valued function, X : @ — R. Typically the term “random variable” is restricted to only
real valued functions, which is how we will use the term moving forward. A familiar example of a
random variable is the sample of a uniform distribution from [0, 1]; in this case the sample space
and measure space E are both [0,1]. We can trivially extend this idea of a random variable to
the concept of random vectors, where we define random vectors to just be collections of multiple

random variables all on a shared probability space.

We will also make use of the concept of a measure, which is a set-function that maps elements of
the event space F to some positive number [0, oo]. Typically measures are written as u or v, and
a measure acting on some set A € F is p(A) = [0,00]. We also require the following relationship

for measures applied on disjoint elements Ay, Ag, A3, ... of F where (J; 4; € F:

pJv) =3 u(wy). (C.1)

Probability measures, measures whose outputs represent probabilities, are naturally described in
this formalism as measures where p(£2) = 1, which is a generalization of the idea that a PDF

integrated over its domain must be 1.
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A probability distribution of a random variable is then the probability measure p on R defined by
p(A) =P{w: X(w) € A}), ACR,w e . (C.2)

It is common to write P(X), suppressing the technicality that X is a map from Q to a measure
space E. Another way to express this relationship is to say that p is the law of X, or lawX ~ pu,
which just means that the random variable X is distributed according to some measure u. In a
frequentist interpretation, if one evaluated X many times and made a histogram of the results they
would find the results distributed according to p. This generalization allows us to separate the
probability of the outcomes of a random event, which is encoded in the measure, from the space
over which we interpret that measure, which is the z when we write p(z) for some one dimensional
probability distribution. We can also relate this to the more familiar concept of a probability

distribution function in the case of a continuous measure, specifically

u(A) = /A () de (C3)

where p(x) is the probability distribution function.

We will also make use of the “push-through” of a measure p through map 7', Ty u[A] = p[T~1(A)],
where T~1(A) is the pre-image of A. This allows us to reinterpret a distribution over one space as
distribution in another space by the map 7. A simple example that can provide some intuition is
that the push-through of some two-dimensional probability distribution 7(dx,dy), where dz,dy C
R, through the map p, defined as p,(dz,dy) — dx is the marginal in = of n(dx,dy). For some

A C R we have

porlAl = 72 A) = [ [ w@aye = [ w@)io (C.4)

where 7(x) = [p m(x,y)dy is the marginal density. As physicists we usually think of probability
distributions being evaluated at some value, i.e. 7(xg) = y, but formally we mean is the probability
mass contained in the density over some small region dx is m(xo)dx, which is what [, m(x)dx

represents, and this is the marginal density of 7 (x,y).
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C.2. Optimal transport

The field of optimal transport provides a mathematical description of the interpolation of prob-
ability distributions, from an albeit slightly different perspective. Optimal transport attempts to
provide solutions to a more general problem: given two distributions, what is the mapping from
one distribution to the other that minimizes some cost? The problem can be stated more formally
as [90]

Clur) = _int [ clo.ta,)dady (C.5)
vET (1)

where u(z) = [y(z,y)dy, v(y) = [v(x,y)dz, c(x,y) is some cost function for moving one unit of
mass from z to y, and I" is the set of all possible paths that map p to v, which is the set over
which we want to minimize ¢(z,y). Another way to think of v is any function of x and y whose
marginals are p and v. While the mathematicians working in the field of optimal transport work

in more general topological spaces, for our purposes we can always assume z,y € R™.

A convenient choice for the cost function is the distance function of the metric space over which p
and v are defined, which we will call d(x,y). This allows us to define a more useful concept, the
Wasserstein distance of order p, W), defined as

Wo(u,v) = inf [ dl@,y)Py(@, y)dzdy T e d(z,y)Pr(z, y)dr v (C.6)
(et )

vET (1) m€ll(p,v)

where we have also combined the map into the measure using 7(z,y)dr = v(z,y)dzdy. When
defined in such a way it can be shown that W, defines a distance between p and v themselves,

allowing us to promote the space of distributions to which x and v belong to a metric space.

The ability to think of probability distributions as belonging to a metric space is very useful,
especially in the context of interpolation. One natural way to define our interpolation function is
to think of the path we would want it to trace out in the metric space defined by W),. The most
obvious choice is to require the path traced out in the W), space as we interpolate between p and v
to be a geodesic in the metric space, or the path that minimizes the distance between p and v in

the metric space.
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Now let us setup the dynamic problem. We are interested in the paths probability masses follow as
they are moved between the distributions pg and p. Since we are interested in how a distribution
might be continuously deformed as we move along geodesics in this Wasserstein space, it is natural
to extend our concept of the mapping 7(x, y) which connects the distributions to a more complicated
object II which instead is the collection of the distance minimizing paths that the different masses
take during the transportation. m(x,y) was agnostic regarding this information, it only encoded
where probability mass started and ended. II on the other hand encodes the information of the
path taken as the mass is moved from one place to another. We can define the elements of II as
the curves «y(t), where II is the distribution of many of these curves and ¢ € [0, 1] parametrizes
the distance along the curve. In probability speak, «v(t) is a random variable itself, and at a given
time the law(v(t)) provides us with the probability distribution y, i.e. the interpolated probability
distribution. In this context, we will limit ourselves to situations where the starting and ending
distributions, po(x) and pi(x) are both over the same metric space, (x,d) where x is a measurable
space and d is the distance function of the metric. Again, we are always interested in the case

x =R"™

Equipped with these new tools, we can make some statements about the curves v(t). We require
law(v(0)) = po and law(y(1)) = p1 as these are the starting and ending conditions of the curves.
We will also introduce e;(y) := (t), a function at each ¢ that maps any curve v to a point in the

metric space y. We define a transference plan between pg and pq such that

7,1 = (€o, e1) 1L (C.7)

Note that this object is entirely analogous to m(x,y) (when working in R™), and this is consistent
with the statements above that law(v(0)) = pp and law(y(1)) = u1 since the marginals of 7 should
be the two distributions we are interpolating between. Furthermore, the plan in eq. C.7 is optimal
by construction since we defined II to be the measure only over the distance minimizing curves
between g and pi. And finally, given the optimal transference plan it can be shown that the

following statements are equivalent (Corollary 7.22 [90]):
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(i) p is the law of y(t) where 7 is a random (minimizing, constant-speed) geodesic such that

(7(0),7v(1)) is an optimal coupling
(ii) (me)o<t<i is a geodesic curve in the space Ppy(x).

The space over which the distributions are defined, y and the metric of that space, d, are enough
to define the paths that the probability masses follow as they move between the two distributions.

They just follow the geodesics of the space x!

This is very useful in interpolation for probability distributions over R™ since geodesics in flat space
are just straight lines. This means the ~(¢)’s are all just straight lines connecting the probability
masses between the beginning and ending distributions. This is also distinct from linear interpola-
tion, since we are not interpolating over distribtions themselves, but rather interpolating over the

movement of probability between the two distributions which happens to follow straight line paths.

While finding the optimal transference even in flat space can be difficult, in 1 dimension over R we
can derive some useful results. The following discussion is all assumed to be in 1D where the space
over which distributions are defined is R. First, define the cumulative distribution function (CDF)

of some probability density u(x) as

/ " u@)de = Fu() (C.8)

and the quantile function as F); 1 such that Fr 1(Fu(x)) = z. Put more simply, the quantile function
takes in a probability and maps it back to the point xy where F,(x) reaches that probability. It

can be shown that in 1D the Wasserstein p-distance is given by (Remark 2.30 [80])

W, = ( / E ) - F,,1<u>\pdu) " (C.9)

or just the total difference between the quantile functions.

We can also see that we can construct a map from the measure p(x) to v(z) through combinations
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of the quantile functions and CDFs. One way we can think of constructing this map is by first trying
to find some way to map both p and v onto the same underlying distribution, like the uniform
distribution from 0 to 1. First consider the push through of ;1 through F), for some arbitrary interval
A =1[0,u] for ue[0,1] 8

Fy [0, ) = u[F, ([0, ). (C.10)

Applying the definition of the quantile function we have

plEH ([0, u])] = pl{z : Fu(z) < u}] = u (C.11)

where we have used the fact that £~ L([0,u]) is just the range of values where the CDF is less than
u. As for the last equality, we know by definition that F, is just the summed probability of u
meaning p[{z : F,(x) < u}] = u. Another way to see this is by considering that in R we can state
that pu[A] = [, p(z)de where A C R. Since A is defined as the set x : Fj,(z) < u it is guaranteed

that p integrated over A is u. And since w is arbitrary, this holds for any value between 0 and 1.

Finally, we can recognize that this transformed measure p = F}, 4 is a measure where the prob-
ability mass is equal to the interval over which the measure is evaluated for any interval 0 to 1,
which is the uniform distribution, implying F), 4p = Uniform(0,1). This actually formalizes the
frequently used trick in which one samples a distribution using uniform sampling evaluated on the

quantile function (we just proved it in the reverse direction).

Of course, this same push through can be applied to v, and the inverse of this transformation can
also be used to instead transform Uniform(0, 1) to v. Putting this together we have F }}7{ [Fl #p] =

(F; 1) 4 Uniform(0,1) = v.

v

It turns out that this maps is indeed the optimal map from pu to v [80]. We will not formally prove
this, but it is clear this must be the case if one considers that for flat-space geodesics, any crossing

paths of the probability masses would leave room for a more optimal map in which the paths do

8While we define F, » as a function from scalar values to scalar values, we use it in the push through as a map
from one measure to another, so over subsets of R in this instance. This is an abuse of notation, but since Fj, is
non-decreasing due to it’s construction, we don’t need to worry too much about distinguishing between the two cases.

175



not cross. Since the CDF is non-decreasing, this push through of the CDF of one measure to the

quantile function of another guarantees non-crossing paths, thus this must be the optimal map.

If we consider how a point in z moves during this mapping process we find that it moves according

to the functional convolution of the CDF and the QF:
z— F N F,(2)). (C.12)

Recall that these distributions are all defined over R, and geodesics in flat space are all straight
lines. As was discussed above, this implies that the paths traced out by probability masses as they
are interpolated from p to v along the dynamic transport map must also be straight lines. We can
therefore write the optimal dynamic map as Ty(z) = (1 —t)z + tF, }(F,(z)). Another way to write
the dynamic map is using a flat underlying measure rather than one distributed according to u.

This can be accomplished through the transformation » — F,- L(x), giving a new map
T, =1 —t)F, ' +tF, " (C.13)

Now T} represents the map that takes a uniform measure and maps it onto the interpolated PDF,

but this is exactly what the quantile function does, thus we can write
Fl=Q1-tF ' +tF," (C.14)

or that in 1D, one can interpolate between PDFs by interpolating between the quantile functions.
This form of interpolation is often referred to as McCann’s interpolation [91]. The right of fig. 6.16
shows this interpolation strategy being used to interpolate between two Gaussian distributions. It
can be shown that interpolation along geodesics in the Wasserstein space is equivalent to interpo-
lating in the variances and means of Gaussian distributions, which is an often used technique when

working with normal distributions. [80].

Another useful concept in optimal transport is the “Wasserstein barycenter”, the generalization of
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the idea of a barycenter in Euclidean space, Given some set of N measures {vy,vs,...,vn }, the

Wasserstein barycenter is the measure that minimizes the function

Pl = 5 S WE ) (C.15)
N

or in other words, the measure that minimizes the distance in Wasserstein space between itself and
all the measures in a given set. As was true before, we can find a closed form solution for the
calculation of the Wasserstein barycenter in 1D. The minimizing measure is the measure whose

quantile function is just the average of the quantile functions of the other measures:
-1 1 -1
Fil=+ > F, (C.16)
N
If we instead consider arbitrary rather than equal weights on each of the measures, we have
-1 1 -1
Fill=+ > wiF, =W, (C.17)
N

which is referred to as the generalized Wasserstein barycenter (W5).
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Example YAML snopfit configuration file

APPENDIX D

fit:

name: ppo_bi214

systematics:

energy_scale:

dimension: energy

type: scale
sigma: inf

value: 1.00
constraints:

float: true

energy_smear:

[0.90, 1.1]

dimension: energy

type: smear
sigma: inf

value: 0.02
constraints:

float: true

itr_shift:

[0.001, 0.5]

dimension: itr

type: shift

value: -0.003

sigma: inf
constraints:

float: true

itr_smear:

[-0.2, 0.2]

dimension: itr

type: smear
value: 0.001
sigma: inf

constraints:

float: true

datasets:

ppo:

dimensions:

energy:

bin_info:

[0.0001, 0.10]

[1.5, 3.5, 40]

buffer_bins: [2, 2]

itr:

bin_info:

[0.15, 0.35, 30]

buffer_bins: [2, 2]

load:

cuts: "
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43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
T
78
79
80
81
82
83
84
85
86
87
88
89
90

(fitValid == 1) and

(itr > 0.15) and (itr < 0.35) and
(runID >= 300702) and

(runID < 310637) and

(energy > 1.0) and (energy < 7.0) and
(posr_av > 0) and (posr_av < 4500) and
(analysis_mask == 1) and

(bipo214_flag == 1) and

(hotspotl_flag == 0) and
(hotspot2_flag == 0) and

(antinu_flag == 0) and

(betald > -0.1) and (betald < 0.04) and
(necknhits == 0) and
(posFOM/nhitsCleaned > 11.5) and
(bipo214_delta_r < 1000) and
(bipo214_delta_t > 3000) and
(bipo214_delta_t < 1000000)

data:

file: ""
livetime_file: ""

corrections_file: ""

path: ""
dataset_root: ""
corrections_file: ""
background_defaults:
cuts: "
(fitValid == 1) and
(itr > 0.0) and (itr < 0.6) and
(runID >= 300702) and
(runID < 310637) and
(energy > 1.0) and (energy < 7.0) and
(posr_av > 0) and (posr_av < 4500)
"
efficiency_cuts: "
(fitValid == 1) and
(itr > 0.15) and (itr < 0.35) and
(energy > 1.0) and (energy < 7.0) and
(posr_av > 0) and (posr_av < 4500)
"
float: true
scale: true
constraints: [0, inf]
rate: 1
sigma: O

systematics:
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91
92
93
94
95
96
97

["energy_scale", "energy_smear", "itr_shift", "itr_smear"]

backgrounds:
Bipo214:
rate: nev
scale: false
sigma: inf
float: false
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